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Aircraft Flight Control System Analysis and Design
Elie Robert Ballouz
Advisor: Professor Bor-Chin Chang, Ph.D.
In-flight loss-of-control (LOC) has been the leading cause of fatal aircraft accidents in the
past two decades. Aircraft LOC recovery is an extremely challenging and formidable task for
the pilots. The reaction time for recovery usually is very limited, and the pilots need to act
quickly, correctly, and avoid deepening the crisis. Under these emergency and critical situa-
tions, pilots certainly need help from a sophisticated new-generation flight computer/control
system that can correctly diagnose the problem and provide an accommodation solution in
time.
In this work, a 12-state full nonlinear aircraft flight dynamics model is employed as
a test bed to investigate the flight dynamics and control theory regarding to the loss-of-
control or upset conditions like nose dive, spins, falling leaf, roll-pitch coupling oscillations,
etc. Aircraft usually are operating at or around one trim (equilibrium) at a time. Smooth
trim-to-trim transition is a common practice in normal aircraft flight mode switching, for
example, from a straight/level flight to a climb or a descent, from a coordinated turn to
a straight level flight, etc. We are particularly interested in the trim switching and robust
control system design relevant to aircraft loss-of-control prevention and recovery.
Through the study of aircraft flight dynamics at loss-of-control conditions together with
the virtual aircraft flight experiments at a variety of trims, we have gained more under-
standing on what factors are relevant to the occurrence of loss-of-control conditions. These
factors include the trim condition, initial state, external disturbances, and the inherent
xi
properties of the aircraft dynamics like damping ratio and natural frequencies, etc. The
study also reveals that the trim selection and feedback control strategies are critical in loss-
of-control prevention and recovery. This line of research may lead to practical and effective
solutions for LOC prevention/recovery that would make the flight of aircraft much safer.
Abstract

1Chapter 1: Introduction
1.1 Motivation
Since the Wright brothers invented, built, and made the world’s first successful controlled
powered aircraft flight in 1903, the technology advancement in every field has continuously
improved the capability, quality, and safety of the flight to make aircraft the most reliable,
capable and fastest vehicle in transportation, defense, and national security, etc. One of
the most important issues relevant to the capability, quality, and safety of aircraft flight is
the flight control of the aircraft. In the early 20th Century, Wilber Wright had envisioned
that control technology would be a significant part of future aircraft development as in
his engraved words on a stone wall at Flight Dynamics and Control Laboratory, Wright-
Patterson Air Force Base, ′′We know how to construct airplanes. Men also know how
to build engines. The inability to balance and steer still confronts students of the flying
problem. When this one feature has been worked out, the age of flying will have arrived,
for all other difficulties are of minor importance.′′
The improvement of aircraft design/maintenance, navigation/guidance equipment, traf-
fic control systems, and pilot training, etc. has resulted in an apparent steady decrease of
the accident rate and fatalities in the past five decades. However, an aircraft flight can still
go wrong in a split of a second and crash due to external hazard, component/system failure,
and/or human errors. According to [1], in-flight loss-of-control (LOC) has been the leading
cause of fatal aircraft accidents in the past decade [2, 3]. To understand the contributing
factors of in-flight LOC accidents, we have studied a good deal of accident reports pub-
lished by NTSB (National Transportation Safety Board) [4–9]. A few recent fatal aircraft
2accidents which occurred in the U.S.A. are briefly reviewed in the following.
On January 31, 2000, Alaska Airlines Flight 261 (McDonnell Douglas MD-83) dived
with nose down into the Pacific Ocean about 60 miles west of Los Angeles because of a
jammed horizontal stabilizer [7]. The 2 pilots, 3 cabin crew members, and 83 passengers
on board were killed, and the airplane was destroyed by impact forces. The jam of the
horizontal stabilizer was later determined to be a direct result of an in-flight failure of the
acme nut threads in the horizontal stabilizer trim system jackscrew assembly.
On November 12, 2001, American Airlines Flight 587 (Airbus A300-605R) crashed into
a residential area of Belle Harbor, New York, shortly after takeoff from John F. Kennedy
International Airport, New York [8]. All 260 people aboard the airplane and 5 people on
the ground were killed, and the airplane was destroyed by impact forces and a postcrash
fire. The National Transportation Safety Board determined that the probable cause of this
accident was the in-flight separation of the vertical stabilizer as a result of the loads beyond
ultimate design. It was created by the first officer’s unnecessary and excessive control inputs.
On February 12, 2009, Colgan Air Flight 3407 (Bombardier DHC-8-400) experienced a
loss of control on an instrument approach to Buffalo-Niagara International Airport, Buffalo,
New York, and crashed into a residence in Clarence Center, New York, about 5 nautical
miles northeast of the airport [10]. The 2 pilots, 2 flight attendants, and 45 passengers
aboard the airplane were killed, one person on the ground was killed, and the airplane
was destroyed by impact forces and a postcrash fire. The National Transportation Safety
Board determined that the probable cause of this accident was the captain’s inappropriate
response to the activation of the stick shaker, which led to an aerodynamic stall from which
the airplane did not recover.
On October 31, 1994, American Eagle Flight 4184 (ATR Model 72-212) crashed during
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3a rapid descent after an uncommanded roll excursion [11]. The airplane was in a holding
pattern and was descending to a newly assigned altitude of 8,000 feet when the initial roll
excursion occurred. The airplane was destroyed by impact forces; and the captain, first
officer, 2 flight attendants and 64 passengers were killed. The National Transportation
Safety Board determined that the probable causes of this accident was the loss of control,
attributed to a sudden and unexpected aileron hinge moment reversal that occurred after
a ridge of ice accreted beyond the deice boots.
The flight dynamics and behavior of the aircraft near or in the upset regime [12–16] are
very different from those inside the normal flight envelope, and are not well understood.
Aircraft upset recovery is an extremely challenging and formidable task for the pilots. The
reaction time for upset recovery usually is very limited, and the pilots need to act quickly and
correctly to avoid deepening the crisis. Under these emergency and critical situations, pilots
certainly need help from a sophisticated new-generation flight computer/control system to
provide the sensing information of all relevant parameters, to detect and accommodate
the adverse precursor conditions, to warn or disallow human errors, and to perform upset
recovery via automated controller reconfiguration or adaptation.
In this thesis, a 12-state full nonlinear flight dynamics model is employed as a test bed
to investigate the flight dynamics and control theory regarding the loss-of-control or upset
conditions like nose dive, spins, falling leaf, roll-pitch coupling oscillations, etc. Aircraft
usually are operating at or around one trim (equilibrium) at a time. Smooth trim-to-trim
transition is a common practice in normal aircraft flight mode switching, for example, from
a straight/level flight to a climb or a descent, from a coordinated turn to a straight level
flight, etc. We are particularly interested in the trim switching and robust control system
design relevant to aircraft loss-of-control prevention and recovery.
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41.2 Aircraft Flight Dynamics Model
The flight dynamics simulation model employed in the study was originally created by
NASA [17] based on the wind tunnel data. The model originally written in FORTRAN
was later converted into MATLAB function files by Balas et. al. [18]. This 9-state full
nonlinear model was then employed to derive reduced linear and nonlinear trimmed models
for controller design and simulations [19].
For simplicity and flexibility, we converted the 9-state full nonlinear flight dynamics
model in MATLAB function files into Simulink model files. A few straightforward simula-
tions were conducted to verify that the converted Simulink model is exactly identical to its
predecessor in MATLAB function files. Then we added three navigation equations associ-
ated with the three state variables: two for translational position and one for altitude, to
make the model a 12-state full nonlinear flight dynamics model. This full model is employed
in analysis, design, and simulations throughout all our work in the thesis.
The 12-state full nonlinear model and the associated state variables and control inputs of
the aircraft flight dynamics are briefly described in the following. The model is represented
by the state equation,
x˙(t) = f (x(t), u(t)) (1.2.1a)
where the state vector is
x =
[
V β α p q r φ θ ψ pN pE h
]T
(1.2.1b)
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5and the control input is
u =
[
δT δe δa δr
]T
(1.2.1c)
The 12 state variables are
V total speed (ft/s)
β side slip (rad for computation, deg for display)
α angle of attack (rad for computation, deg for display)
p roll rate (rad/s for computation, deg/s for display)
q pitch rate (rad/s for computation, deg/s for display)
r yaw rate (rad/s for computation, deg/s for display)
φ roll angle (rad for computation, deg for display)
θ pitch angle (rad for computation, deg for display)
ψ yaw angle (rad for computation, deg for display)
pN position North (ft)
pE position East (ft)
h altitude (ft)
and the 4 control inputs are
δa ailron control (rad for computation, deg for display)
δr rudder control (rad for computation, deg for display)
δe elevator control (rad for computation, deg for display)
δT thrust control (lb)
The detailed equations of motion of the 12-state full nonlinear model will be given in Chap-
ter 3.
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61.3 Overview of the Work in the Thesis
In this section, we will briefly describe the work to be presented in each chapter in addition
to the summary of contributions, conclusions, and suggestions for further research.
Chapter 2 is the preliminaries to provide background flight dynamics fundamentals
relevant to the work presented in the later chapters.
Detailed descriptions of the aircraft, including the equations of motion and simulation
diagrams, are given in Chapter 3. Simulations are also conducted to verify that the con-
verted Simulink model is trustworthy since the simulation results of the converted Simulink
model are exactly identical to those of its predecessor in MATLAB function files.
In Chapter 4, we conducted fundamental investigations on the time-domain and frequency-
domain properties of the open-loop 12-state full nonlinear flight dynamics model. Three
trim conditions and two initial state conditions are chosen to demonstrate how the control
inputs will affect the flight, and to study the capability and limitation of the open-loop con-
trol in dealing with the loss-of-control or upset conditions like nose dive, spins, falling leaf,
and undesired lateral/longitudinal oscillations, etc. The effect of the Phugoid oscillation
mode [20] and short-period oscillation mode are also discussed in this chapter.
The main objective of Chapter 5 is to find a robust stabilizing controller for a selected
trim so that the controller can keep the aircraft flying at, or around the trim, and is capable
of recovering the aircraft back to the desired trim if it gets lost in an upset or loss-of-control
regime. For the analysis and control system design purpose, a linearized state-space model
is derived from the 12-state full nonlinear model at a selected trim. If stabilization is the
only concern at this moment, we can remove the state variables pN , pE, h, and ψ from the
state vector to obtain an 8-state linearized model at the trim. It can easily be seen that
the longitudinal and lateral dynamics are decoupled so that 8-state model can be decoupled
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7into two 4-state linearized models: one for the longitudinal: xlong =
[
V α q θ
]T
and ulong =
[
δe δT
]T
, and the other for the lateral, xlat =
[
β p r φ
]T
and
ulat =
[
δa δr
]T
. It is also observed that the eigenvalues of the linearized longitudinal
and lateral models not only determine the stability of the system at the trim, they also
provide insight on the flight qualities of the aircraft at or around the trim. The oscillation
frequencies and how the oscillation decays, observed from the simulation graphs in Chapter
4, are closely related to the locations of the eigenvalues on the complex plane.
The stabilizing controllers designed in Chapter 5 performed surprisingly well. They
were able to robustly keep the aircraft flying at or around the trim under the influence
of disturbances or plant uncertainties. They were also capable of recovering the aircraft
in loss-of-control conditions back to the desired stable and safe trim. Furthermore, the
controllers have effectively suppressed the inherent oscillation modes that caused poor open-
loop performance as discussed in Chapter 4.
The topic In Chapter 6 is about altitude control. Although altitude control can be
achieved using open-loop manual control, the performance is poor due to the unwanted
large-amplitude oscillations in the flight path angle and the velocity. Therefore, only two
approaches are discussed in this chapter: one is manual altitude control with stability
augmentation, and the other is automatic altitude tracking control. In the manual altitude
control with stability augmentation approach, the thrust and/or elevator controls can be
employed to alter the flight path to achieve the desired altitude change. The oscillation
issues have been taken care of via the stability augmentation, which is designed using the
state-space approach discussed in Chapter 5. The performance is smooth and effective, but
the altitude precision can be only determined by the pilot.
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8On the other hand, the automatic altitude tracking control approach will guarantee the
precision, since the feedback control system is designed to continue flight path correction un-
til the desired altitude is achieved. Altitude is not directly controlled by the thrust/elevator
control input; instead, the altitude change is a function of the time integral of the flight
path. Therefore, the automatic altitude tracking control approach in this chapter contains
two feedback loops. One is an outer loop that determines the flight path reference based
on the difference between the desired altitude and the actual one, and the other loop is an
inner loop that regulates the flight path according to the reference. The performance of
the automatic altitude tracking control is smooth, perfectly precise, and more effective than
the manual altitude control with the stability augmentation approach. The only drawback
is the initial wrong direction movement in the closed-loop response, which is common for
non-minimal phase system. The amplitude of the wrong direction swing can be reduced if
the reference input sudden step change is replaced by a smoother one.
Chapter 7 addresses the concluding remarks and further research. In the study of aircraft
flight dynamics and control, we find the aircraft flight dynamics is interesting, amazing, and
intriguing. In many situations, the aircraft’s natural reactions to loss-of-control conditions
are contradictory to human common sense. In one of the flight simulations in Chapter 4,
upon the attack of a ferocious initial condition, the aircraft quickly rolls more than one
turn and pitches down to an almost vertical nose dive attitude in just a couple of seconds.
It seemed that it was going to dive and crash. But it didn’t. It picked up the speed,
regained its strength, and before long it recovered its attitude and was heading to a steady
state. More impressively, this steady state is exactly the same as the trim obtained via
theoretical computation. As a matter of fact, what the aircraft did was just following the
law of physics. We could have had understood the reasoning behind the aircraft’s peculiar
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9maneuver if we were able to solve the complicated equations of motion quickly enough to
know the trajectory.
From the study of the thesis work, we have gained more understanding about the causes
of loss-of-control conditions and learned that the trim selection and control strategy are
relevant to loss-of-control prevention and recovery. These findings have opened up more
research opportunities. In addition, the flight dynamics of the aircraft is still not well un-
derstood, especially in the loss-of-control regimes. In addition to the whole understanding
of the flight dynamics at every possible flight condition, sophisticated control strategies also
need to be developed to completely address the loss-of-control issues.
1.4 Summary of Contributions
Our contribution for the research is summarized as follows.
To be able to track the translational position and altitude of the aircraft, we add navi-
gation equations to the 9-state full nonlinear flight dynamics simulation model to a 12-state
model. Meanwhile, we convert the full nonlinear flight dynamics simulation model in MAT-
LAB function files to Simulink models that are easier and more flexible for analysis, design,
and simulations.
It is demonstrated that an aircraft flying at a stable and controllable trim can be brought
into a loss-of-control condition by a disturbance, mechanical failure, or erroneous control
actions. We also showed that trim selection and control strategy are critical in loss-of-control
prevention and recovery.
In the flight control system design, one of the challenges is to suppress the low frequency
oscillations. An effective way is to relocate the low frequency poles to higher frequency
ones using feedback control. In this respect, classical control approach has its edge over
Chapter 1: Introduction 1.4 Summary of Contributions
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the state-space approach. However, since the aircraft flight dynamics is a MIMO system,
the state-space approach is adopted. Therefore, a state-space approach with embedded
frequency-domain requirements is employed to provide better control solutions.
In the automatic altitude tracking control system, the altitude control is indirectly
achieved through a variable flight path regulation scheme, in which the reference input
for the flight path regulation loop is chosen to be proportional to the difference of the
desired altitude and the actual altitude. The double loop scheme here achieves smooth,
perfect-precision, and effective altitude tracking. The only drawback is the typical non-
minimal-phase early wrong direction movement in the altitude response.
Chapter 1: Introduction 1.4 Summary of Contributions
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Chapter 2: Preliminary
In this chapter, we will provide the mathematical background in vector analysis and co-
ordinate transformation, and fundamental aircraft flight dynamics relevant to the work
presented in the later chapters.
2.1 Vectors and Coordinate Systems
Aircraft is basically a rigid body with six degree of freedom capable of flying in a three-
dimensional space. To describe the motion of an aircraft, usually we need three reference
frames: the Earth-Center Frame, the Local Geographic Frame and the aircraft Body Frame.
The translational position, translational velocity, angular position, and angular velocity of
an aircraft are represented by vectors in reference frames.
2.1.1 Coordinate Rotations
In Figure 2.1, v1 is a vector expressed in terms of Frame 1. Assume the vector remains at
the same position, but the coordinate system has rotated from Frame 1 to Frame 2, then
the vector has a new vector representation as v2 in terms of Frame 2. The relationship
between the two vector representations can be described by v2 = Rv1, in which the matrix
R is called the rotational matrix from Frame 1 to Frame 2.
Since the coordinate rotation does not change the length of a vector, we have vT2 v2 =
(Rv1)
T Rv1 = v
T
1 R
TRv1 and hence R
TR = RRT = I, i.e., R−1 = RT .
The aerospace rotation sequence [21, 22], as shown in Figure 2.2, starts from the NED
(North-East-Down) Frame at the upper left of the figure. The xv-axis and yv-axis are
pointing to the north and east directions respectively, while the zv-axis is pointing down
12
Figure 2.1: Matrix representation of a coordinate rotation
Figure 2.2: Aerospace rotation sequence, which is accomplished by the three rotations:
yaw, pitch, and roll, one at a time.
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to the center of the Earth. The attitude of the Body Frame shown at the upper right of
the figure is obtained via the three consecutive rotations shown at the bottom of the figure.
The first rotation rotates yaw angle ψ about the z-axis from the NED (xv-yv-zv) Frame to
the x′-y′-z′ Frame with the z′-axis coinciding with the zv-axis. The second rotation rotates
pitch angle θ about the y′-axis from the x′-y′-z′ Frame to the x”-y”-z” Frame with the
y”-axis coinciding with the y′-axis. Finally the third rotation rotates roll angle φ about the
x”-axis from the x”-y”-z” Frame to the Body (xb-yb-zb) Frame with the xb-axis coinciding
with the x”-axis. The three consecutive rotations can be represented by the following three
rotation matrices Cψ, Cθ, and Cφ.
u′ =

x′
y′
z′
 =

cosψ sinψ 0
− sinψ cosψ 0
0 0 1


xv
yv
zv
 = Cψu
r − pi ≤ ψ < pi
u′′ =

x′′
y′′
z′′
 =

cos θ 0 − sin θ
0 1 0
sin θ 0 cos θ


x′
y′
z′
 = Cθu
′ − pi/2 ≤ θ ≤ pi/2
ub =

xb
yb
zb
 =

1 0 0
0 cosφ sinφ
0 − sinφ cosφ


x′′
y′′
z′′
 = Cφu
′′ − pi ≤ φ < pi
(2.1.1)
These three rotation matrices can be combined into one as follows,
ub = Cb|rur = CφCθCψur =

cθcψ cθsψ −sθ
sφsθcψ − cφsψ sφsθsψ + cφcψ sφcθ
cφsθcψ + sφsψ cφsθsψ − sφcψ cφcθ
u
r (2.1.2)
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and then the inverse coordinate rotation can be described by the following inverse rotation
matrix.
ur =

xv
yv
zv
 = (CφCθCψ)
−1

xb
yb
zb
 = C
−1
ψ C
−1
θ C
−1
φ

xb
yb
zb
 = C
T
ψC
T
θ C
T
φ

xb
yb
zb
 = u
b
(2.1.3)
2.1.2 Derivatives of Vectors Observed from Moving Frames
As discussed in the previous subsection, the observations of the same position vector from
different frames are different. In this subsection, we will discuss the relationship between
the two observations of vector derivatives from a fixed and a moving frames.
Figure 2.3: Velocity in a rotating frame observed from a fixed frame
In Figure 2.3, the vector r is observed and represented in terms of the moving frame Fm
(only rotating without translational motion) coordinates. To an observer on Frame Fm, the
time rate of change of r is
dr
dt
|M = dx
dt
i+
dy
dt
j+
dz
dt
k (2.1.4)
However, the time rate of change of r to an observer on the fixed Frame Fm is
dr
dt
|F = dr
dt
|M + ω × r (2.1.5)
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where drdt |M is the time rate of change of r observed in the rotating frame, ω is the angular
velocity of the rotating frame. This equation is named as Equation of Coriolis [23].
If the vector r is the position of a particle P , then the above Equation of Coriolis becomes
vP |F = vP |M + vM |F (2.1.6)
where vP |F = dr/dt |F is the velocity of particle P observed from FF , vP |M = dr/dt |M is
the velocity of particle P observed from FM , and vM |F = ω× r is the velocity of the moving
frame relative to FF .
Figure 2.4: Velocity in a translational and rotational moving frame observed from a
fixed frame
The diagram in Figure 2.4 shows a more general case of relative motions between the
moving frame and the fixed frame. The moving frame has a translational motion in addition
to the rotational one with respect to the fixed frame. The position vector
rP |O = rQ|O + rP |Q (2.1.7)
which is a vector from the origin O of the fixed frame to the point P , is the sum of the two
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vectors: rQ|O, the vector from the origin O of the fixed frame to the origin Q of the moving
frame, and rP |Q, which is the vector from the origin Q of the moving frame to the point P .
Taking derivative of the above equation in the fixed frame gives
r˙P |O |F = r˙Q|O |F + r˙P |Q |F (2.1.8)
Since r˙P |Q |F = r˙P |Q |M +ω× rP |Q due to the equation of Coriolis, and ω ≡ ωM |F , we have
r˙P |O |F = r˙Q|O |F + r˙P |Q |M + ωM |F × rP |Q (2.1.9)
and therefore the velocity of the point P in the moving frame observed from the fixed frame
is
vP |F = vQ |F + vP |M + ωM |F × rP |Q (2.1.10)
The equation can be grouped as
vP |F = vP |M +
(
vQ |F + ωM |F × rP |Q
)
(2.1.11)
Note that vP |M is zero if the point P is fixed in the moving frame, and the sum of the
terms in the parentheses is the velocity, observed in the fixed frame, of a fixed point in the
moving frame.
Taking derivatives of Eq.(2.1.10) in the fixed frame to obtain the following,
v˙P |F = v˙Q |F + dvP |M
dt
|F +
dωM |F × rP |Q
dt
|F (2.1.12)
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By Equation of Coriolis, the second and third terms of the above equation become
dvP |M
dt |F = dvP |Mdt |M + ωM |F × vP |M = v˙P |M+ ωM |F × vP |M
dωM|F×rP |Q
dt |F =
dωM|F
dt |F × rP |Q + ωM |F ×
drP |Q
dt |F
= ω˙M |F × rP |Q + ωM |F × (vP |M + ωM |F × rP |Q)
(2.1.13)
Therefore, the acceleration of the point P in the moving frame observed from the fixed
frame is
v˙P |F = v˙Q |F +
(
v˙P |M+ ωM |F × vP |M
)
+
(
ω˙M |F × rP |Q + ωM |F × (vP |M + ωM |F × rP |Q)
) (2.1.14)
which is equivalent to
aP |F = aQ |F +
(
aP |M+ ωM |F × vP |M
)
+
(
αM |F × rP |Q + ωM |F × (vP |M + ωM |F × rP |Q)
) (2.1.15)
This equation can be regrouped as follows,
aP |F = aP |M+ 2ωM |F × vP |M
+
[
aQ |F + αM |F × rP |Q + ωM |F × (ωM |F × rP |Q)
] (2.1.16)
The first term aP |M is the acceleration of P relative to the moving frame, and the second
term is Coriolis acceleration. The sum of those terms inside the bracket is called the
transport acceleration of P in the fixed frame. It is evident that the total acceleration
aP |F will be equal to the transport acceleration when P is fixed in the moving frame since
the other two terms will be zero. It is also can be seen that the last term of the transport
acceleration, ωM |F × (ωM |F × rP |Q), is a centripetal acceleration.
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2.2 Aircraft Dynamics Fundamentals
2.2.1 Euler kinematical equations
As discussed in Section 2.1.1, the attitude of aircraft is defined via the aerospace rotation
sequence: Starting from the fixed NED frame orientation, the body frame undergoes three
consecutive rotations about its z-axis with a yaw angle ψ, about its y-axis with a pitch
angle θ, and about its x-axis with a roll angle φ, one at a time to reach a new orientation.
These angles φ, θ, and ψ are called Euler angles, which represent the angular position of
the aircraft.
For a simple one-dimensional motion, the rate change of the displacement and the
velocity are identical. However, for aircraft dynanmics, the Euler angle, is not the same as
the angular velocity (φ˙, θ˙, ψ˙)ωbb|r =
[
P Q R
]T
.
Referring to the aerospace rotation sequence graphs shown in Figure 2.2 and the asso-
ciated rotation matrices Cψ, Cθ, Cφ defined in Eq.(2.1.1), we can see that the relationship
between the angle rate and angular velocity at each stage of rotation as follows,
ω′ =

0
0
ψ˙
 , ω
′′ =

0
θ˙
0
+ Cθω
′, ωbb|r =

φ˙
0
0
+ Cφω
′′ (2.2.1)
Therefore we have the following relationship between the Euler angle rates and the angular
velocities,
ωbb|r =

φ˙
0
0
+ Cφ

0
θ˙
0
+ CφCθ

0
0
ψ˙
 =

1 0 −sθ
0 cφ sφcθ
0 −sφ cφcθ


φ˙
θ˙
ψ˙
 =

P
Q
R
 (2.2.2)
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and hence the Euler kinematical equations [20,21,24]:
Φ˙ =

φ˙
θ˙
ψ˙
 =

1 tθsφ tθcφ
0 cφ −sφ
0 sφ/cθ cφ/cθ


P
Q
R
 = H(Φ)ω
b
b|r (2.2.3)
2.2.2 Stability and Wind Axes
The aerodynamic forces and moments on an aircraft are determined by the aircraft orien-
tation with respect to the airflow, which is characterized by two aerodynamic angles: one
is the angle of attack alpha (α), and the other is the side slip beta (β) [20, 21, 25]. The
Figure 2.5: Definition of axes and aerodynamic angles
rectangular bar in Figure 2.5 represents the fuselage of an aircraft, and the center of gravity
of the aircraft is the origin of the body reference frame (xb−yb−zb frame). The xb-axis is
along the fuselage center line, the xb−yb−zb axes form a Cartesian coordinate system with
yb-axis on the right and zb-axis pointing down. The wind xw axis is pointing against the
airflow, which is shown as relative wind. The projection of the xw axis on the xb-zb plane
is the xs-axis, called the stability axis. The angle α between the xs-axis and the xb-axis
is called the angle of attack. It is positive if the relative wind is on the underside of the
aircraft. The angle β between the xs-axis and the xw-axis is called the side slip. It is
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positive if the relative wind is on the right side of the aircraft.
Figure 2.6: xb-zb plane view of the axes and aerodynamic angles
Figure 2.7: xs-ys plane view of the axes and aerodynamic angles
Figure 2.6 gives a side view on the xb-zb projection plane. It shows the stability xs-axis
and the projection of the relative wind on the xb-zb plane, and the relationship among the
angle of attack α, the pitch angle θ, and the flight path angle γ. The flight path angle is
negative if the stability xs-axis (the projection of the wind xw-axis on the xb-zb plane) is
under the horizontal level line. Figure 2.7 shows a top view on the xs-ys projection plane.
It clearly describes the side slip is the angle between the stability xs-axis and the wind
xw-axis.
The stability-axes coordinate system is obtained by a left-handed rotation of the xb-zb
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plane, through α, around the body yb-axis. The rotation matrix from the body coordinate
system to the stability coordinate system is
Cs|b =

cosα 0 sinα
0 1 0
− sinα 0 cosα
 (2.2.4)
Note that the negative sign is on the sinα, one line below the row with ”1”. The stability-
axes coordinate system is used for analyzing the effect of perturbations from steady-state
flight.
The wind-axes coordinate system is obtained by a right-handed rotation of the xs-ys
plane, through β to the relative wind, around the stability zs-axis. The rotation matrix
from the stability coordinate system to the wind coordinate system is
Cw|s =

cosβ sinβ 0
− sinβ cosβ 0
0 0 1
 (2.2.5)
Note that the negative sign is on the sinβ, one line above the row with ”1”. The wind-axes
coordinate system is used in wind tunnel for the aerodynamic forces: lift L, drag D, and
cross-wind force C.
The rotation matrix from the body frame to the wind frame is
Cw|b = Cw|sCs|b =

cosα cosβ sinβ sinα cosβ
− cosα sinβ cosβ − sinα sinβ
− sinα 0 cosα
 (2.2.6)
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which involves two consecutive rotations: from body to stability, and then from stability to
wind. Note that the rotational matrices are orthogonal and therefore
Cb|w = C−1w|b = C
T
w|b =

cosα cosβ − cosα sinβ − sinα
sinβ cosβ 0
sinα cosβ − sinα sinβ cosα
 (2.2.7)
The velocity components in body and wind coordinates are related by the rotation
matrix Cb|w as 
u
v
w
 = Cb|w

VT
0
0
 =

VT cosα cosβ
VT sinβ
VT sinα cosβ
 (2.2.8)
Eq.(2.2.8) can also be derived directly from the geometry of Figure 2.5. The conversion
of the velocity components between the Body Coordinates and the Wind Coordinates is
summarized in Figure 2.8.
Figure 2.8: Conversion of velocity components between Body and Wind coordinates
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Chapter 3: Aircraft Flight Dynamics
3.1 Flight Dynamics Model
As introduced in Chapter 1, the untrimmed nonlinear flight dynamics model of the aircraft
can be described by a set of state equations with 12 states and four inputs [17–19,26]. These
state equations are nonlinear, coupled, and flight-condition dependent. The structure of the
flight dynamics model is described by the block diagram shown in Figure 3.1.
Figure 3.1: Structure of the aircraft flight dynamics model
Recall that the states x(t) and the control inputs u(t) of the flight dynamics simulation
model are
x =
[
V β α p q r φ θ ψ pN pE h
]T
u =
[
δT δe δa δr
]T (3.1.1)
where the 12 state variables are
V total speed (ft/s)
β side slip (rad for computation, deg for display)
α angle of attack (rad for computation, deg for display)
p roll rate (rad/s for computation, deg/s for display)
q pitch rate (rad/s for computation, deg/s for display)
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r yaw rate (rad/s for computation, deg/s for display)
φ roll angle (rad for computation, deg for display)
θ pitch angle (rad for computation, deg for display)
ψ yaw angle (rad for computation, deg for display)
pN position North (ft)
pE position East (ft)
h altitude (ft)
and the 4 control inputs are
δa ailron control (rad for computation, deg for display)
δr rudder control (rad for computation, deg for display)
δe elevator control (rad for computation, deg for display)
δT thrust control (lb)
Note that in the block diagram of the aircraft dynamics structure shown in Figure 3.1,
there are three blocks: Airdynamics Coefficient Equations on the left, Force/Moment Equa-
tions in the middle, and Aircraft Flight Dynamics State Equations on the right. All of these
equations are functions of the aircraft physical parameters given in the following:
S = 400 (ft2), wing area
b = 37.4 (ft), wing span
c = 11.52 (ft), mean aerodynamic chord
ρ = 1.066 (lbs/ft3), air density
Ixx = 23000 (slugs× ft2), roll axis moment of inertia
Iyy = 151293 (slugs× ft2), pitch axis moment of inertia
Izz = 169945 (slugs× ft2), yaw axis moment of inertia
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Ixz = −2971 (slugs× ft2), cross product of inertia about y axis
m = 1034.5 (slugs), mass
g = 32.2 (ft/s2), gravity
The Coefficients block consists of seven equations including the dynamic pressure
q¯ = 1/2ρV 2 (3.1.2)
and the rolling moment coefficient Cl, the pitching moment coefficient Cm, the yawing
moment coefficient Cn, and the drag force coefficient CD, the side force coefficient CY , and
the lift force coefficient CL. These airdynamic coefficients are function of the state variables
x(t) as well as the control inputs u(t).
The Force/Moment Equations block in the middle of the block diagram shown in Fig-
ure 3.1 consists of six equations that compute the aerodynamic roll moment L, the aerody-
namic pitch moment M , and the aerodynamic yaw moment N , and the aerodynamic drag
force D, the aerodynamic side force Y , and the aerodynamic lift force Lift:
L = Clq¯Sb
M = Cmq¯Sc
N = Cnq¯Sb
D = CD q¯S
Y = CY q¯S
Lift = CLq¯S
(3.1.3)
Note that the aerodynamic moments and forces are functions of the aerodynamic coefficients
that in turn are functions of the state variables x(t) and the control inputs u(t).
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The state equations in the block of Aircraft Flight Dynamics State Equations can be
categorized into four groups. The first group is the Velocity State Equations:
V˙ = Tmcαcβ − 1m(Dcβ − Y sβ) + g(cφcθsαcβ + sφcθsβ − sθcαcβ)
β˙ = Dsβ+Y cβmV + psα− rcα+ gV cθsφcβ + sβV
(
gcαsθ − gsαcφcθ + Tmcα
)
α˙ = −T sαmV cβ +
−Lift
mV cβ + q − tβ(pcα+ rsα) + gV cβ (cφcθcα+ sαsθ)
(3.1.4)
where sβ, cβ, and tβ are short-hand notations for sinβ, cosβ, and tanβ, respectively. Note
that the above velocity state equations are functions of the aerodynamic moments and
forces that in turn are functions of the aerodynamic coefficients, the state variables x(t),
and control inputs u(t).
The second group of the Aircraft Flight Dynamics State Equations is the Angular Ve-
locity State Equations:
p˙ = 1
IxxIzz−I2xz
(
IzzL+ IxzN −
[
Ixz(Iyy − Ixx − Izz)p+ I2xzr + Izz(Izz − Iyy)r
]
q
)
q˙ = 1Iyy
(
M + (Izz − Ixx)pr + (r2 − p2)Ixz
)
r˙ = 1
IxxIzz−I2xz
(
IxzL+ IxxN +
[
Ixz(Iyy − Ixx − Izz)r + I2xzp+ Ixx(Ixx − Iyy)p
]
q
)
(3.1.5)
The third group of the Aircraft Flight Dynamics State Equations is the Euler Kinematic
Equations:
φ˙=p+ (qsφ+ rcφ)tθ
θ˙ = qcφ− rsφ
ψ˙ = 1cθ (qsφ+ rcφ)
(3.1.6)
where sφ, cφ, and tθ are short-hand notations for sinφ, cosφ, and tanθ, respectively. These
equations may encounter singularity issue in computation when the pitch angle is at or very
close to 90◦. This issue can be resolved by replacing the three Euler kinematic equations
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with the four quarternion state equations [21].
Finally, the fourth group of the state equations is the Position State Equations:
p˙N = cθcψV cβcα+ (sφsθcψ − cφsψ)V sβ + (cφsθcψ + sφsψ)V cβsα
p˙E = cθsψV cβcα+ (sφsθsψ + cφcψ)V sβ + (cφsθsψ − sφcψ)V cβsα
h˙ = sθV cβcα− sφcθV sβ − cφcθV cβsα
(3.1.7)
where the shorthand notations sθ, and cα for sinθ, and cosα, etc. are employed to shorten
the length of equations and make them more readable. Note that the above 12 state equa-
tions are untrimmed, nonlinear, coupled, and flight condition dependent.
3.2 Simulation Using the Model
The aircraft flight dynamics model described in the previous section is an untrimmed,
nonlinear, and flight condition dependent system. Usually an operating point (a trim) is
chosen, and the aircraft is controlled to fly around the operating trim.
Figure 3.2: A schematic diagram for aircraft flight control simulation
A simulation schematic diagram is given in Figure 3.2 [26]. The block in the right is
the aircraft flight dynamics model, which is basically the same as described in the previous
section except the inputs are required to satisfy the constraints specified by the limiters and
actuator dynamics shown in Figure 3.3. The state vector x of the untrimmed aircraft flight
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dynamics model is assumed available for feedback, but it needs to be subtracted by Trimx
to become x¯ to serve as the input to the controller. The output of the controller is u¯, which
needs to be added with Trimu to make u as the control input to the aircraft flight dynamics
model via the Actuator Dynamics and Limiter block. Trimx and Trimu are the trimmed
state and trimmed control input of the flight dynamics model, respectively. In other words,
Trimx and Trimu together represent the selected operating trim (equilibrium), and the
controller is designed specifically with respect to the trim and the operating range around
it. In the x¯-u¯ coordinates, the origin represents the operating trim. When (x, u) is at the
trim, (x¯, u¯) is at the origin.
Figure 3.3: Saturation and rate limits and actuator dynamics constraints
The Selection Switch on the right of the controllers in general can be controlled by an
automatic switching logic or by the pilot based on flight mode changes or special situations.
When a control switching is made, the trim may need to change accordingly. The four
controllers shown in Figure 3.2 are designed with respect to either Trim A, which is a
straight level flight with 10 degree of angle of attack, or Trim B, which is a straight level
flight with 15 degree of angle of attack. These particular two trims can be obtained as
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follows either by numerical search or simulation:
Trim A :

xA =
[
439.6ft/s 0◦ 10◦ 0◦/s 0◦/s 0◦/s 0◦ 10◦ ∗◦ ∗ft ∗ft ∗ft
]T
uA =
[
5504.4lb −1.88◦ 0◦ 0◦
]
(3.2.1)
and
Trim B :

xB =
[
378.5ft/s 0◦ 15◦ 0◦/s 0◦/s 0◦/s 0◦ 15◦ ∗◦ ∗ft ∗ft ∗ft
]T
uB =
[
8600.2lb −7.29◦ 0◦ 0◦
]
(3.2.2)
In the following chapters, manual control, classical baseline controller, state-space LQR
controller, and tracking/regulator controller will be employed to demonstrate stability
augmentation, flight-path tracking, altitude control, loss-of-control prevention and loss-
of-control recovery, etc.
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Chapter 4: Manual Control
4.1 Equilibrium and Trim
Equilibium, linearization, and region of attraction are common terms in systems theory;
however, these terms may become confusing in aircraft flight dynamics especially when
trim [24,25] is roughly considered as a synonym of equilibrium. Strictly speaking, a system
is said to be at equilibrium if all its state variables are constant at steady state. However,
four of the twelve state variables in Eq.(1.2.1b) are irrelevant to the aircraft stability analysis
and LOC study. These four state variables are the two position variables, pN and pE, the
altitude h, and the yaw angle, ψ. Therefore, the aircraft is said to be at equilibrium if the
other eight state variables in Eq.(1.2.1b): the total speed V , side slip β, angle of attack α,
roll rate p, pitch rate q, yaw rate r, roll angle φ , and pitch angle θ, are constant at steady
state. An equilibrium can be stable or unstable; for example, the pendulum system has two
equilibrium points: one is stable when the stick is at the straight downward position, and
the other is unstable when the stick is at the straight upward position. A stable equilibrium
means that any perturbed state due to disturbances or other reasons will be brought back
to the equilibrium at steady state if the perturbed state is inside the region of attraction.
Usually an aircraft trim is meant to be a desirable and stable flight condition [24, 25];
however, in some distressed situation especially when partial control authority is lost, the
aircraft has to fly at a desirable equilibrium that may be inherently unstable. Under the
scenario that the elevator control surface is jammed and only the thrust control is available
for longitudinal motion, there might be only one or even no equilibrium available for straight
level flight to keep the aircraft afloat. If it does, it may be unstable depending on the jammed
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position. Unstable equilibrium is not an issue since it can be stabilized via feedback control
as long as the impaired aircraft is still stabilizable [27, 28]. On the other hand, a stable
equilibrium can be undesirable, and an aircraft flying at or toward an undesired stable
equilibrium may cause LOC problems or even crash.
A general practice of control system design is to select a desired equilibrium (trim), and
design a linear or nonlinear controller so that the closed-loop system has desired perfor-
mance at and around the equilibrium. Region of attraction (ROA) basically defines the
applicable operating range of the system in the state space [29–31]. The concept of ROA
is important especially in the decision process of determining whether to engage a feedback
controller or not in an LOC situation since an engagement of a control at the time when
the state of the system is outside the ROA can deepen the crisis [26, 32].
4.2 Loss-of-Control Condition
Just like the solution of any differential equation, the aircraft behavior represented by the
state vector x(t) is determined by the initial state vector x(0) and the control input vector
u(t). The effect of all the previous disturbances, turbulence, and control actions up to t = 0
is summarized and stored in the initial state vector that will continue to influence the flight
of the aircraft after t = 0. It is still a challenge in finding formal ways to verify and validate
the LOC prevention and recovery capability of an aircraft flight system. One tentative way
of examining the LOC prevention capability is to disturb the state of the system away from
its trim in a simulation (or virtual flight test), and observe if the system is able to converge
back to the trim without entering an LOC. Similar procedure can also be performed to
examine the LOC recovery capability of the system by engaging a recovery controller to
rescue a system already in LOC.
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Two testing initial state vectors will be employed to evaluate the LOC prevention and
recovery capability of aircraft flight control systems throughout the thesis. One is similar
to the one used by Chakraborty et. al. [18] to create an LOC situation. This initial state
vector is called Init D and denoted by xD0 , a dramatic initial state vector, which represents
the effect of the previous disturbances or erroneous control actions, is given by
Init D : xD0 =
[
350ft/s 20◦ 40◦ 10◦/s 0 5◦/s 0◦ 0◦ 0◦ 0ft 0ft 25000ft
]
(4.2.1)
Note that the initial state vector xD0 foretells the coming of a very violent flight condition
with the information: side slip 20◦, angle of attack 40◦, roll rate 10◦/s, yaw rate 5◦/s, and
a steep descending flight path angle γ = θ − α = 0◦ − 40◦ = −40◦.
The other testing initial state vector is called Init M , a moderate initial state vector,
and denoted by xM0 , which is milder than Init D,
Init M : xM0 =
[
350ft/s 5◦ 5◦ 2◦/s 0 3◦/s 0◦ 0◦ 0◦ 0ft 0ft 25000ft
]
(4.2.2)
4.2.1 State response due to Init D and control input uA
To investigate how the initial condition xD0 will affect the aircraft flight, we will conduct
a simulation using the simulation diagram of Figure 3.2 and the flight dynamics model
given in Chapter 3. Let the Controller Selection Switch be set at the Manual Control
position and the control input be at the trim Trimu = uA, which is the control input
condition of Team A defined in Eq.(5.3.1). In other words, only a fixed manual control
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uA =
[
5504.4lb −1.88◦ 0◦ 0◦
]T
is applied to the input of the flight dynamics model
without the aid of any feedback control. The simulation results due to the initial state xD0
with Trim A control inputs are shown in Figure 4.1.
Figure 4.1: State response due to xD0 with fixed manual control uA
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It can be seen from Figure 4.1 that x(0) = xD0 at t = 0, and things happen rather
quickly. Within 3 seconds, the aircraft has rolled to the left by more than 200◦ and
pitched down to 80◦, which certainly is a very difficult loss-of-control situation. Then
the aircraft continued its wild ride: it rolls to about −360◦ position, which completes one
full 360◦ roll excursion, and pitches up and down between −80◦ and +60◦ for a long pe-
riod of time. The speed V and the altitude h also exhibit the up and down excursions
with the same frequency. A few snap shots of the wild movements are shown in Fig-
ure 4.2. Nevertheless, the aircraft recovers its attitude to θ = 4.6◦ and φ = −354◦ =
Figure 4.2: Snapshots of the aircraft flight due to xD0 with fixed manual control uA
6◦ at t = 25.42s. At the end of simulation, t = 200s, the state vector is x(200) =[
452ft/s 0◦ 9.96◦ 0◦/s −0.27◦/s 0◦/s −360◦ 0.37◦ 125◦ ∗ft ∗ft 17914ft
]
.
Shortly after 500 seconds, the aircraft recovers to a stable straight level flight with 10◦
angle of attack, as shown in Eq.(4.2.3), which is the Trim A condition except the roll angle
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is at the −360◦ (instead of 0◦) position.
xA,Dss =
[
439.6ft/s 0◦ 10◦ 0◦/s 0◦/s 0◦/s −360◦ 10◦ ∗◦ ∗ft ∗ft ∗ft
]
(4.2.3)
At first glance, it is hard to believe that a simple fixed manual control uA is capable of
recovering the aircraft from a violent loss-of-control (LOC) condition to a safe stable flight
Trim A: a straight level flight with 10◦ angle of attack. In fact according to systems and
control theory, the response due to initial conditions is transient and will decay as time
increases. Eventually the system will reach an equilibrium steady state, either a constant
state or a regular motion state. After the effect of the initial condition xD0 expires, the
aircraft converges to an equilibrium: Trim A condition with φ = −360◦, which strictly
speaking is not the original Trim A with φ = 0◦. However, these two roll angle positions
are at the same physical position. There is no reason to roll the aircraft back to φ = 0◦
from φ = −360◦.
4.2.2 State response due to Init M and control input uA
In the next simulation, we will consider a less severe initial condition, the moderate initial
state vector, xM0 defined in Eq.(4.2.2). the Trim A control input uA will continue to be
applied to the input of the flight dynamics model without the aid of any feedback control.
The transient response will be smoother, and the steady-state is expected to match Trim
A condition.
It only pitches down 9◦ and rolls to the right by 26◦, and it quickly self corrects its
attitude to θ = 0.1◦ and φ = 11◦ at t = 22.46s. At t = 200s, the state vector is x(200) =[
440ft/s 0◦ 9.99◦ 0◦/s −0.01◦/s 0◦/s 0◦ 7.37◦ 50◦ ∗ft ∗ft 23393ft
]
.
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Figure 4.3: State response due to xM0 with fixed manual control uA
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Shortly after = 500s, the state response will be approaching to the following steady
state,
xA,Mss =
[
439.6ft/s 0◦ 10◦ 0◦/s 0◦/s 0◦/s 0◦ 10◦ ∗◦ ∗ft ∗ft ∗ft
]
(4.2.4)
which is exactly the Trim A condition.
4.2.3 State response due to Init D and control input uZ
In the following simulation, we will assume the testing initial state vector to be the dramatic
initial state vector, xD0 , and apply no control input to the input of the flight dynamics model.
In other words, the aircraft will just glide without thrust, and all the surface controls:
aileron, rudder, and elevator, are at zero degree positions.
The simulation results due to the initial state xD0 with zero control inputs are shown in
Figure 4.4. A few snap shots of the flight animation are also shown in Figure 4.5.
From the state response plots and snap shots shown in Figure 4.4 and Figure 4.5, it
can be seen that in a couple of seconds, the aircraft has pitched down by 44 degrees and
rolled to the left by almost 70 degrees. At t = 12.99s, the aircraft is in an almost 90◦ nose
dive position and has reversed the roll to the right to the 497◦ position and lost almost
5000 ft in altitude. Apparently the aircraft was in an undesired loss-of-control or upset
condition [3, 16].
However, the aircraft made an impressive move to roll back to 361.5◦ = 1.5◦ and pitch
back to 6.54◦ as seen in Figure 4.5 at t = 35.32s that the aircraft seems to have got
out of trouble! At the end of the simulation, t = 200s, the state vector is x(200) =
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Figure 4.4: State response due to xD0 with zero control input uZ
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Figure 4.5: Snapshots of the aircraft flight due to xD0 with zero control input uZ
[
429ft/s 0◦ 8.16◦ 0◦/s −0.83◦/s 0◦/s 360◦ 1.97◦ 141◦ ∗ft ∗ft 4848ft
]
which
shows that the latitude activities are diminishing, but the aircraft has lost more than 20000
ft of altitude with flight path γ = θ−α = 1.97◦−8.16◦ = −6.19◦, and continues to descend.
The aircraft will reach an equilibrium at steady state if the initial altitude is high enough
to avoid a crash. This equilibrium is an undesired equilibrium as described in the following,
Equil Z :

xZ =
[
478ft/s 0◦ 8.12◦ 0◦/s 0◦/s 0◦/s 0◦ 0.67◦ ∗◦ ∗ft ∗ft ∗ft
]T
uZ =
[
0lb 0◦ 0◦ 0◦
]T
(4.2.5)
Note that at the equilibrium, the flight path will be γ = θ−α = 0.67◦− 8.12◦ = −7.45◦
until it crashes to the ground.
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4.2.4 State response due to Init D and control input uB
In the following, a demonstration is given to show how the dramatic initial condition
will affect the time response when the control input is selected to be Input B, uB =[
8600.2lb −7.29◦ 0◦ 0◦
]T
. For the same dramatic initial condition xD0 , the time re-
sponse with Input B is not as severe as the case with Input Z. Its transient response is
also a little bit better than that shown in Sec. 4.2.1 where Input A was used. The aircraft
recovers to the trim about 80 seconds faster than the case with Input A.
The simulation results due to the initial state xD0 with Trim B control inputs are shown
in Figure 4.6. It can be seen from Figure 4.6 that x(0) = xD0 at t = 0s, and in 3 seconds the
aircraft rolled to the left by 130◦ and quickly reversed the roll back to less than 10◦ before
t = 20s, which is less severe than the Trim A case. The pitch oscillation amplitude is less
than 60◦, which is also smaller than the Trim A case. The speed V and the altitude h also
exhibit the up and down excursions with the same frequency of the pitch motion.
The aircraft recovers it attitude to θ = 1.8◦ and φ = −9.1◦ at t = 20s. At the end of
simulation, t = 200s, the state vector is
x(200) =
[
380ft/s 0◦ 15◦ 0◦/s −0.03◦/s 0◦/s 0◦ 16.5◦ −106◦ ∗ft ∗ft 19510ft
]
.
which is approaching to the steady state, a stable straight level flight with 15◦ angle of
attack, as shown in Eq.(4.2.6), which is the Trim B condition.
xA,Dss =
[
378ft/s 0◦ 15◦ 0◦/s 0◦/s 0◦/s 0◦ 15◦ ∗◦ ∗ft ∗ft ∗ft
]
(4.2.6)
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Figure 4.6: State response due to xD0 with fixed manual control uB
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4.3 Transition of Flight Conditions
Recall that Trim A is a straight level flight with 10◦ angle of attack and Trim B is another
straight level flight condition with 15◦ angle of attack. The information of the states and
control inputs at Trim A and Trim B are recited in the following, respectively.
Trim A :

xA =
[
439.6ft/s 0◦ 10◦ 0◦/s 0◦/s 0◦/s 0◦ 10◦ ∗◦ ∗ft ∗ft ∗ft
]T
uA =
[
5504.4lb −1.88◦ 0◦ 0◦
]
(4.3.1)
and
Trim B :

xB =
[
378.5ft/s 0◦ 15◦ 0◦/s 0◦/s 0◦/s 0◦ 15◦ ∗◦ ∗ft ∗ft ∗ft
]T
uB =
[
8600.2lb −7.29◦ 0◦ 0◦
]
(4.3.2)
In the following two subsections, we will demonstrate the behavior of the aircraft during
the transition from Trim A to Trim B and during the transition from Trim A to a climb
using the thrust control only.
4.3.1 Transition from Trim A to Trim B
A transition from one trim to another can be completed by changing the control inputs.
For example, a transition from Trim A to Trim B can be achieved by changing the control
input from uA to uB. However, the change is required to be smooth since a sudden change
of input will excite the high frequency modes in both lateral and longitudinal dynamics to
oscillations that may lead the aircraft to a loss-of-control condition.
Figure 4.7 shows the simulation results of the transition from Trim A to Trim B con-
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Figure 4.7: Transition from Trim A to Trim B
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trolled by changing the control input from uA to uB. The aircraft operates at Trim A from
t = 0s to t = 5s, and at t = 5s the control input is changed to
uB =
[
8600.2lb −7.29◦ 0◦ 0◦
]T
,
i.e., the thrust is increased by 3095.8 lb and the elevator is decreased by 5.41◦. The changes
of the thrust and the elevator used in the simulation were not sudden step changes; instead,
they were changed exponentially with a time constant of 20 seconds to make the transition
smooth.
It can be seen that at steady state, the speed reduced 439.6 ft/s to 378.5ft/s, the angle
of attack increased from 10◦ to 15◦, and the pitch angle from 10◦ to 15◦. During this tran-
sition, the altitude also goes up approximately by 740 ft. The transition is rather smooth
except for the oscillations caused by the inherent longitudinal long-period oscillation mode
(Phugoid mode) that appears on the graphs of the pitch rate and angle, the flight path,
and the velocity. These oscillations can be suppressed using feedback control, which will be
discussed in Chapter 5. At t = 200s, the end of the simulation, the state vector is x(200) =[
378ft/s 0◦ 15◦ 0◦/s −0.013◦/s 0◦/s 0◦ 15.15◦ 0◦ ∗ft ∗ft 25742ft
]
, which is
at the final stage of approaching to the steady,
xBss =
[
378ft/s 0◦ 15◦ 0◦/s 0◦/s 0◦/s 0◦ 15◦ 0◦ ∗ft ∗ft ∗ft
]
.
Note that Trim B condition has been achieved.
4.3.2 Transition from Trim A to a climb
A transition from a level flight to a climb can be accomplished by increasing the thrust,
increasing the elevator angle, or the combination of both. In the following we will demon-
strate a transition from Trim A to an ascent by only increasing the thrust. The simulation
results shown in reveals that the increase of thrust does not affect the angle of attack, but
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Figure 4.8: Transition from Trim A to a climb
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it does increase the pitch angle and therefore the flight path angle that causes the aircraft
to climb with ascending rate approximately equal to 42.9 ft/s. Note that the flight speed
V does not increase; instead, it slightly decreases from 440 ft/s to 435 ft/s. The same
low-frequency longitudinal oscillations still exist, which will be addressed in Chapter 5.
4.4 Manual Altitude Control
Aircraft altitude control can be achieved by changing the flight path (γ), which is controlled
by the elevator δe and/or the thrust δT . A common practice to change the flight altitude is
to deviate the thrust and/or the elevator control from the trim for a certain period of time
and then back to the trim. In the first of the following two subsections, only the thrust
is maneuvered to control the altitude while the elevator is kept unchanged. On the other
hand, in the second subsection, the thrust is kept constant and only the elevator is varied
to control the altitude.
4.4.1 Altitude control using the thrust control only
In this altitude control simulation, we will start with a flight at Trim A which is a straight
level flight with 10◦ angle of attack, and the initial altitude is 25,000 ft. We will increase
the aircraft flight altitude by increasing 3095.8 lb of the thrust from Trim A to 8600.2 lb
during t = 0s−300s, and then decrease the thrust back to the trim during t = 300s−600s.
The elevator control input remains at δe = −1.8812◦ throughout the simulation.
The up and down maneuver of the thrust causes the pitch angle and the flight path
angle to move up and down accordingly, but it does not affect the angle of attack. It can
be seen that the pitch angle and the flight path angle graphs in Figure 4.9 are oscillating
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Figure 4.9: Altitude control using the thrust control only
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around 15◦ during t = 0s − 300s, and around 10◦ during t = 300s − 600s. The altitude
increase is proportional to the integration of the differential flight path angle and therefore
the altitude has increased from 25000 ft to 37398 ft in 600 seconds. At t = 300s, the state
vector and the control input vector are
x(300) =
[
433ft/s 0◦ 10◦ 0◦/s −0.036◦/s 0◦/s 0◦ 15.8◦ 0◦ ∗ft ∗ft 37009ft
]
u(300) =
[
8600.2lb −1.88◦ 0◦ 0◦
]T
and at t = 600s, the state vector and the control input vector are
x(600) =
[
440ft/s 0◦ 10◦ 0◦/s 0.016◦/s 0◦/s 0◦ 9.95◦ 0◦ ∗ft 0ft 37398ft
]
u(600) =
[
5504.4lb −1.88◦ 0◦ 0◦
]T
Note that the oscillations in velocity, pitch angle, and flight path are caused by the
unwanted excitation of Phugoid mode, which can be suppressed by the feedback control
discussed in Chapters 5 and 6.
4.4.2 Altitude control using the elevator control only
In this subsection, we will decrease the elevator angle from the Trim A condition δe = −1.88◦
to δe = −7.29◦ during t = 0s− 300s and then increase the elevator back to the trim during
t = 300s − 600s. The thrust control input remains at δT = 5504.4lb throughout the
simulation.
It can be seen from Figure 4.10 that the decrease of elevator control does not affect
much of the average change of the pitch angle, but it does effectively increases the angle
of attack. The ability of the elevator to change the flight path comes from its capability of
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Figure 4.10: Altitude control using the elevator control only
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changing the angle of attack. At t=300s, the state vector and control input vector are
x(300) =
[
382ft/s 0◦ 15◦ 0◦/s 0◦/s 0◦/s 0◦ 9.6◦ 0◦ ∗ft ∗ft 15262ft
]
u(300) =
[
5504.4lb −7.29◦ 0◦ 0◦
]T
and at t=600, the state vector and the control input vector are
x(600) =
[
440ft/s 0◦ 10◦ 0◦/s 0◦/s 0◦/s 0◦ 10.3◦ 0◦ ∗ft 0ft 14015ft
]
u(600) =
[
5504.4lb −1.88◦ 0◦ 0◦
]T
The altitude has decreased from 25000 ft to 14015 ft in 600 seconds. However, the ma-
neuver of the elevator control has a great deal of effect on the aircraft flight speed V , it goes
down to oscillate around 382ft/s and then go up back to oscillate around 440ft/s before
eventually settling at Trim A. The oscillation issue will be addressed in the next Chapter.
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Chapter 5: State-Space Feedback Control
5.1 Linearized Models
Recall that the full nonlinear model of the aircraft flight dynamics described in Chapter 1
is given by the following state equation,
x˙(t) = f (x(t), u(t))
x =
[
V β α p q r φ θ ψ pN pE h
]T
u =
[
δT δe δa δr
]T (5.1.1)
As discussed in Section 4.1, aircraft usually are operated at or around one trim (equilib-
rium) at a time. For demonstration purpose, we will continue to use the two trims discussed
in Chapter 4. They are Trim A: a desired straight level flight with 10◦ angle of attack, and
Trim B: a desired straight level flight with 15◦ angle of attack.
To find Trim A, we set the following steady-state flight conditions: β = 0◦, α = 10◦,
θ = 10◦, p = q = r = 0◦/s, δa = δr = 0◦, and employ the flight dynamics equations to
compute the total speed, V = 439.6ft/s, δT = 5504.4lb, and δe = −1.8812◦, respectively. In
short, Trim A is represented by
Trim A :

xA =
[
439.6ft/s 0◦ 10◦ 0◦/s 0◦/s 0◦/s 0◦ 10◦ ∗◦ ∗ft ∗ft ∗ft
]T
uA =
[
5504.4lb −1.88◦ 0◦ 0◦
]
(5.1.2)
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Similarly, Trim B can be represented by the following,
Trim B :

xB =
[
378.5ft/s 0◦ 15◦ 0◦/s 0◦/s 0◦/s 0◦ 15◦ ∗◦ ∗ft ∗ft ∗ft
]T
uB =
[
8600.2lb −7.29◦ 0◦ 0◦
]
(5.1.3)
5.1.1 Linearized Model at Trim A
Applying the Jacobin linearization approach [27, 29] to Eq.(1.2.1) at Trim A, we will have
the following 12-state linearized state-space model,
x˙full(t) = Afullxfull(t) +Bfullufull(t) (5.1.4)
where Afull is a 12× 12 matrix and Bfull is a 12× 4 matrix. The state vector xfull(t) and
the control input vector ufull(t) contain the same 12 state variables and 4 control inputs
as those in x(t) and u(t) of Eq.(1.2.1); however, since the origin of the linearized model
is at the trim the values of xfull(t) and ufull(t) are different from those in x(t) and u(t).
Although the 12-state linearized model is a more complete description of the system in the
vicinity of the trim, only eight of the twelve state variables are relevant to stability analysis
and stabilizing control system design. These eight state variables are chosen to form the
following eight-state state vector,
xtrim =
[
V β α p q r φ θ
]T
(5.1.5a)
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and then we have the corresponding 8-state linearized model
x˙trim(t) = Atrimxtrim(t) +Btrimutrim(t) (5.1.5b)
where utrim(t) = ufull(t). The 8 × 8 Atrim matrix and the 8 × 4 Btrim matrix for Trim A
are obtained as Atrim =

−0.02384 0 −29.064 0 0 0 0 −32.2
0 −0.048133 0 0.17365 0 −0.98481 0.072135 0
−0.00032369 0 −0.3654 0 1 0 0 0
0 −9.619 0 −0.86262 0 0.022471 0 0
0 0 −3.1815 0 −0.1848 0 0 0
0 0.9279 0 0.01508 0 −0.17396 0 0
0 0 0 1 0 0.17633 0 0
0 0 0 0 1 0 0 0

and Btrim =

0 0 −4.3037 0.00095196
−0.0027352 0.020806 0 0
0 0 −0.071937 −3.8184e− 7
8.531 1.1612 0 0
0 0 −3.1177 0
−0.1366 −0.59251 0 0
0 0 0 0
0 0 0 0

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Rearrange the order of the state variables in xtrim(t) and rename the state vector as
xLL(t), in which the longitudinal state variables, V, α, q, θ, are in front, and the lateral
state variables, β, p, r, φ, are at back.
xLL =
[
V α q θ β p r φ
]T
(5.1.6a)
The control variables in the control input vector are already in the right order, the longi-
tudinal controls, δT ,δe, are in front, and the lateral controls, δa,δr, are at back. Therefore,
uLL = utrim =
[
δT δe δa δr
]T
(5.1.6b)
Then the 8-state linearized state model equations can be rewritten as
x˙LL(t) = ALLxLL(t) +BLLuLL(t) (5.1.6c)
where ALL =

−0.02384 −29.064 0 −32.2 0 0 0 0
−0.00032369 −0.3654 1 0 0 0 0 0
0 −3.1815 −0.1848 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 −0.048133 0.17365 −0.98481 0.072135
0 0 0 0 −9.619 −0.86262 0.022471 0
0 0 0 0 0.9279 0.01508 −0.17396 0
0 0 0 0 0 1 0.17633 0

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and BLL =

0.00095196 −4.3037 0 0
−3.8184e− 7 −0.071937 0 0
0 −3.1177 0 0
0 0 0 0
0 0 −0.0027352 0.020806
0 0 8.531 1.1612
0 0 −0.1366 −0.59251
0 0 0 0

.
It is easy to see from the block diagonal structure of the matrices ALL and BLL that the
longitudinal and lateral dynamics of the linearized model are decoupled [33,34]. Therefore,
the linearized model can be divided into two subsystems, one for longitudinal dynamics
and the other for lateral dynamics. Let the longitudinal state vector and the longitudinal
control input vector be
xLg =
[
V α q θ
]T
and uLg =
[
δT δe
]T
(5.1.7a)
Then we have the following 4-state linearized longitudinal dynamics model,
x˙Lg(t) = ALgxLg(t) +BLguLg(t) (5.1.7b)
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where
ALg =

−0.02384 −29.064 0 −32.2
−0.00032369 −0.3654 1 0
0 −3.1815 −0.1848 0
0 0 1 0

, BLg =

0.00095196 −4.3037
−3.8184e− 7 −0.071937
0 −3.1177
0 0

(5.1.7c)
Similarly, let the lateral state vector and the lateral control input vector be
xLa =
[
β p r φ
]T
and uLa =
[
δa δr
]T
(5.1.8a)
Then we have the following 4-state linearized lateral dynamics model,
x˙La(t) = ALaxLa(t) +BLauLa(t) (5.1.8b)
where
ALa =

−0.048133 0.17365 −0.98481 0.072135
−9.619 −0.86262 0.022471 0
0.9279 0.01508 −0.17396 0
0 1 0.17633 0

, BLa =

−0.0027352 0.020806
8.531 1.1612
−0.1366 −0.59251
0 0

(5.1.8c)
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5.1.2 Linearized Model at Trim B
Using the same procedure, a linearized model at Trim B with decoupled longitudinal and
lateral dynamics can be found as follows. With the longitudinal state vector and the longi-
tudinal control input vector defined by
xLg =
[
V α q θ
]T
and uLg =
[
δT δe
]T
(5.1.9a)
We have the following 4-state linearized longitudinal dynamics model,
x˙Lg(t) = ALgxLg(t) +BLguLg(t) (5.1.9b)
where
ALg =

−0.0424 −28.312 0 −32.2
−0.0004 −0.2647 1 0
0 −2.4985 −0.2033 0
0 0 1 0

, BLg =

0.00093371 −5.192
−6.61056e− 7 −0.0595
0 −2.1809
0 0

(5.1.9c)
With the lateral state vector and the lateral control input vector defined by
xLa =
[
β p r φ
]T
and uLa =
[
δa δr
]T
(5.1.10a)
We have the following 4-state linearized lateral dynamics model,
x˙La(t) = ALaxLa(t) +BLauLa(t) (5.1.10b)
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where
ALa =

−0.0159 0.2588 −0.9659 0.0822
−8.8643 −0.6996 0.0196 0
0.6393 0.0122 −0.1518 0
0 1 0.2679 0

, BLa =

0.0006 0.0149
5.6505 0.7759
−0.1020 −0.4064
0 0

(5.1.10c)
5.2 Stability Analysis
5.2.1 Stability Analysis of Trim A
The stability of the trim at which the linearized model is obtained can be determined by
the eigenvalues of Atrim, or those of ALg and ALa. The eigenvalues of ALg for Trim A are
−0.27618± j1.776 and − 0.010842± j0.10073
and the eigenvalues of ALa for Trim A are
−0.21626± j1.5523, −0.57349, and − 0.078695
Since all eigenvalues are in the left half of complex plane, the system dynamics around
Trim A is stable. These eigenvalues not only determine stability, they also reveal the in-
formation on damping and oscillation. The real part of the eigenvalues tells the damping
rate or time constant, and the imaginary part provides the information on oscillation fre-
quencies. Among the eigenvalues shown above, the pair of the longitudinal eigenvalues
−0.010842 ± j0.10073 will dominate the behavior of the system since its real part has the
smallest absolute value 0.0108. The system is lightly damped with damping ratio ς = 0.107
and a time constant of 93 seconds. The imaginary part 0.10073 rad/s provides the oscil-
lation frequency information. For example, in Chapter 4, Sec. 4.2.1, constant Input A,
Chapter 5: State-Space Feedback Control 5.2 Stability Analysis
59
uA =
[
5504.4lb −1.88◦ 0◦ 0◦
]T
was applied to the full nonlinear model in simulation
to trim the system at Trim A. If the state is in the region of attraction, the system will
converge to Trim A except pN, pE, h, and ψ. It can be observed that after the lateral
movements die out, the longitudinal oscillations [20,26] will still continue for a long period
of time with an oscillation period equal to 63 seconds, which is 0.0159 in Hz or 0.1 rad/s.
For the lateral dynamics part, there are one pair of complex conjugate poles and two real
poles. The complex poles reveal a lightly damped oscillation at the frequency ω = 1.55rad/s
with damping ratio ς= 0.138. The real root -0.0787 implies that the effect of step distur-
bances will decay with a time constant of 12.7 seconds.
5.2.2 Stability Analysis at Trim B
The eigenvalues of ALg for Trim B are
−0.2355± j1.5726 and − 0.0197± j0.1139
and the eigenvalues of ALa for Trim B are
−0.1891± j1.6656, −0.3979, and − 0.0913
Since all eigenvalues are in the left half of complex plane, the system dynamics around
Trim B is stable. Similar to Trim A, the low-frequency longitudinal eigenvalue pair−0.0197±
j0.1139 will dominate the behavior of the system. This trim provides better damping and
higher oscillation frequency than Trim A as seen from the real part and imaginary part of
the eigenvalue pair and from the simulation results shown in Chapter 4, Sec. 4.2.4. The
damping ratio is ς = 0.17, and the oscillation frequency is ω = 0.1139 rad/s, which means
the oscillation period is 55s.
Chapter 5: State-Space Feedback Control 5.2 Stability Analysis
60
5.2.3 Stability Analysis at Equilibrium Z
Recall that in Chapter 4, Sec. 4.2.3, the state response of the aircraft due to the dramatic
initial state xD0 with zero control input uZ will reach Equilibrium Z as t→∞.
Equil Z :

xZ =
[
478ft/s 0◦ 8.12◦ 0◦/s 0◦/s 0◦/s 0◦ 0.67◦ ∗◦ ∗ft ∗ft ∗ft
]T
uZ =
[
0lb 0◦ 0◦ 0◦
]T
(5.2.1)
This equilibrium, Equil Z, is undesired since the the aircraft is heading down with −7.45◦
steady-state flight path until it crashes to the ground.
The same stability analysis for Trims A and B can also be employed to study the stability
of aircraft at Equil Z. Following the linearization procedure in Section 5.1, a linearized
model of the aircraft at Equil Z with decoupled longitudinal and lateral dynamics is found
as follows.
With the longitudinal state vector and the longitudinal control input vector defined by
xLg =
[
V α q θ
]T
and uLg =
[
δT δe
]T
(5.2.2a)
We have the following 4-state linearized longitudinal dynamics model,
x˙Lg(t) = ALgxLg(t) +BLguLg(t) (5.2.2b)
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where
ALg =

−0.0175 −28.531 0 −31.9287
−0.0003 −0.4234 1 0.0087
0 −3.6821 −0.1799 0
0 0 1 0

, BLg =

−3.8845 0.0010
−0.0794 0
−3.7626 0
0 0

(5.2.2c)
With the lateral state vector and the lateral control input vector defined by
xLa =
[
β p r φ
]T
and uLa =
[
δa δr
]T
(5.2.3a)
We have the following 4-state linearized lateral dynamics model,
x˙La(t) = ALaxLa(t) +BLauLa(t) (5.2.3b)
where
ALa =

−0.0798 0.1412 −0.99 0.0674
−9.6092 −0.9582 0.0243 0
1.0967 0.0168 −0.1881 0
0 1 0.0118 0

, BLa =

−0.0044 0.0241
10.4862 1.4232
−0.1610 −0.7199
0 0

(5.2.3c)
Note that the eigenvalues of ALg for Equil Z are
−0.2982± j1.9101 and − 0.0122± j0.0938
and the eigenvalues of ALa for Equil Z are
−0.2300± j1.5023, −0.6914, and − 0.0747
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Although Equil Z is an undesired descending equilibrium with no thrust and no other
surface control, it is a stable equilibrium since all eigenvalues are in the left half of the
complex plane. The simulation with initial condition xD0 in Chapter 4, Sec. 4.2.3 showed
that the flight eventually converged to Equil Z at steady state after going through tremen-
dous nose dive and spins. Similar to the eigenvalues at Trims A or B, the low-frequency
longitudinal eigenvalue pair, −0.0122± j0.0938 will dominate the behavior of the system at
steady state. The transient response is lightly damped with damping ratio, ς = 0.13, and
oscillation frequency ω = 0.0938 rad/s, which is equivalent to the oscillation period of 67 s.
5.3 Stabilizing Controllers
5.3.1 Observations from the Fixed Open-Loop Control Simulations in
Chapter 4
Recall that in Chapter 4, we conducted four open-loop fixed control simulations for the
12-states full nonlinear model. The three constant control inputs considered are
InputA : uA =
[
5504.4lb −1.88◦ 0◦ 0◦
]T
InputB : uB =
[
8600.2lb −7.29◦ 0◦ 0◦
]T
InputZ : uZ =
[
0lb 0◦ 0◦ 0◦
]T
and the two initial conditions considered are the dramatic xD0 and moderate x
M
0 condi-
tions:
Init D : xD0 =
[
350ft/s 20◦ 40◦ 10◦/s 0 5◦/s 0◦ 0◦ 0◦ 0ft 0ft 25000ft
]
Init M : xM0 =
[
350ft/s 5◦ 5◦ 2◦/s 0 3◦/s 0◦ 0◦ 0◦ 0ft 0ft 25000ft
]
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From the observation of the fixed open-loop control simulations in Chapter 4 and the
stability analysis in Section 5.2, a fixed control input can be chosen to conduct an equi-
librium flight at steady-state if the equilibrium is stable and controllable. As it has been
demonstrated in Chapter 4, Input A will keep or bring the aircraft back to Trim A at
steady-state as long as the state of the aircraft is in the region of attraction. Similarly,
Input B will lead to Trim B, and Input Z will bring the aircraft to Equil Z, a stable straight
descending flight.
However, the journey of the aircraft from an initial state to a destination trim state,
especially with the dramatic initial condition xD0 , is not a smooth ride. It involves steep
nose dive, spins, large swing of lateral or longitudinal oscillations in the beginning of the
simulation. These undesired motions are considered as loss-of-control (LOC) or upset con-
ditions, which may cause panic to the passengers and invoke pilot’s actions. The LOC
conditions need to be handled properly in time, or the situation may get worse and deepen
the crisis [2, 26,35].
Although the aircraft flight dynamics system are stable at Trim A and at Trim B, the
open-loop systems at these trims are lightly damped, oscillatory, and sensitive to the dis-
turbances. A feedback controller can be designed and implemented to improve the stability
and disturbance reduction.
5.3.2 Stabilizing Controller Design Using State-Space Approach
First of all, we would like to start from the simplest state-space controller design approach,
which is the state-feedback approach [28, 36]. Assume all state variables are available for
feedback control purpose. We will also assume we have chosen a desired trim, say Trim A,
which is a straight level flight condition with 10◦ angle of attack, and a linearized model at
Chapter 5: State-Space Feedback Control 5.3 Stabilizing Controllers
64
the trim.
Recall that Trim A is chosen as described in the following equation,
Trim A :

xA =
[
439.6ft/s 0◦ 10◦ 0◦/s 0◦/s 0◦/s 0◦ 10◦ ∗◦ ∗ft ∗ft ∗ft
]T
uA =
[
5504.4lb −1.88◦ 0◦ 0◦
]
(5.3.1)
and the linearized longitudinal and lateral dynamics models at Trim A are given respectively
in the following.
xLg =
[
V α q θ
]T
, uLg =
[
δT δe
]T
x˙Lg(t) = ALgxLg(t) +BLguLg(t)
ALg =

−0.02384 −29.064 0 −32.2
−0.00032369 −0.3654 1 0
0 −3.1815 −0.1848 0
0 0 1 0

, BLg =

0.00095196 −4.3037
−3.8184e− 7 −0.071937
0 −3.1177
0 0

(5.3.2)
and
xLa =
[
β p r φ
]T
, uLa =
[
δa δr
]T
x˙La(t) = ALaxLa(t) +BLauLa(t)
ALa =

−0.048133 0.17365 −0.98481 0.072135
−9.619 −0.86262 0.022471 0
0.9279 0.01508 −0.17396 0
0 1 0.17633 0

, BLa =

−0.0027352 0.020806
8.531 1.1612
−0.1366 −0.59251
0 0

(5.3.3)
The determination of the longitudinal and lateral state feedback gains are given in the
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following.
Determination of the Longitudinal State Feedback Gain FLg
Define QLg = diag (0.01, 1, 1, 1) and RLg = diag (0.001, 1000)
Then state feedback gain matrix FLg can be computed as follows,
FLg = −R−1LgBTLgXLg (5.3.4a)
where XLg is the positive semi-definite stabilizing solution of the following algebraic Riccati
equation,
ATLgXLg +XLgALg −XLgBLgR−1LgBTLgXLg +QLg = 0 (5.3.4b)
and therefore we have the state feedback gain,
FLg =
 −0.38339 −1.2263 0.84704 1.7079
−0.0026442 −0.33943 0.10328 0.37278
 (5.3.4c)
This state feedback control has placed the longitudinal regulator poles (the eigenvalues of
ALg +BLgFLg) at
−0.29713± j1.7823 and − 0.10072± j0.10706
Note that the longitudinal dominant poles now are −0.10072 ± j0.10706, which has im-
proved the damping ratio from 0.11 to 0.69, and reduced the time constant from 92 seconds
to 10 seconds.
Determination of the Lateral State Feedback Gain FLa
Define QLa = diag (10, 100, 10, 10) and RLa = diag (100, 10)
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Then state feedback gain matrix FLa can be computed as follows,
FLa = −R−1LaBTLaXLa (5.3.5a)
where XLa is the positive semi-definite stabilizing solution of the following algebraic Riccati
equation,
ATLaXLa +XLaALa −XLaBLaR−1LaBTLaXLa +QLa = 0 (5.3.5b)
and therefore we have the state feedback gain,
FLa =
 0.96362 −0.87841 −0.32559 −0.30377
−2.0017 −0.89957 2.9392 −0.25716
 (5.3.5c)
This state feedback control has placed the lateral regulator poles (the eigenvalues of ALa +
BLaFLa) at
−0.99598± j0.92385 and − 9.0466, − 0.33938.
Note that the feedback control has improved the damping ratio from 0.138 to 0.733 for the
oscillatory disturbance response at ω = 0.92rad/s. It also reduces the time constant from
12.7 seconds to 2.95 seconds.
5.4 Loss of Control
5.4.1 Loss-Of-Control Prevention
In this section, we will employ the LQR controller designed in the previous section to further
stabilize the system at Trim A by improving disturbance reduction capability and enlarging
its region of attraction.
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Figure 5.1: A schematic diagram for aircraft flight control simulation
Figure 5.2: LQR control simulation
The LQR control simulation will be also based on the schematic simulation diagram
shown in Chapter 3, Sec. 3.2. The schematic simulation diagram is repeated here for the
ease of reference as Figure 5.1, in which the Controller Selection Switch is set at the LQR
Controller position. The structure of the LQR controller is shown in Figure 5.2, and the
longitudinal state feedback gain FLg and the lateral state feedback gain FLa are given by
Eq.(5.3.4c) and Eq.(5.3.5c) respectively.
Recall that in Chapter 4, Sec. 4.2.1, if only the fixed Trim A input uA was applied to
the control input of the aircraft, the dramatic initial condition xD0 would bring the aircraft
to a severe loss-of-control attitude with nose dive and spins as shown in Figure 4.1 and
Figure 4.2.
Now we have designed a stabilizing controller using the state-space approach and will
use it to stabilize the aircraft at the trim against the same dramatic initial condition xD0 to
prevent a loss-of-control from happening. At t = 0s, the initial state and the control input
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Figure 5.3: State response due to xD0 with LQR control engaged at t = 0s.
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will start with
x(0) = xD0 =
[
350ft/s 20◦ 40◦ 10◦/s 0 5◦/s 0◦ 0◦ 0◦ 0ft 0ft 25000ft
]
u(0) =
[
5504.4lb −1.88◦ 0◦ 0◦
]
It can be seen that the dramatic initial condition with 40◦ of angle of attack, 20◦ of side
slip, and 10◦/s of roll rate is about to knock the aircraft into a loss-of-control condition.
At t = 2.33s, the aircraft was forced to pitch down by −42◦ and roll to the left by 13.6◦.
But this is the worst scenario the aircraft would experience. By t = 4.09s, the controller
has recovered the aircraft to θ = −11.5◦ and φ = −6◦ heading back to Trim A. At t = 30s,
the aircraft has almost completely come back to Trim A condition as seen from the time
response graphs in Figure 5.3.
5.4.2 Successful Loss-Of-Control Recovery Using LQR Control
The next virtual flight test will be a loss-of-control recovery test. The dramatic initial
condition xD0 will start to influence the system at the beginning of the simulation, t = 0s,
but the stabilizing controller will not engage until a few seconds later. The simulations have
shown that the LQR controller given by Eq.(5.3.4c) and Eq.(5.3.5c) is able to recover the
aircraft from the LOC condition back to Trim A flight condition if it is engaged between
t = 0s and t = 4.5s.
The state response due to the dramatic initial condition xD0 with the LQR controller
engaged at t = 4.5s is shown in Figure 5.4. It can be seen that the LOC recovery action
starts immediately right after the LQR controller is engaged. The left roll is stopped at
φ = −170◦ and brought back to φ = 0◦ shortly after t = 10s. The down pitch angle is also
stopped at θ = −85◦ and brought to θ = 10◦ shortly after t = 30s. By t = 50s, the aircraft
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Figure 5.4: State response due to xD0 with LQR control engaged at t = 4.5s.
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has been almost brought back to the Trim A flight condition. At t = 500s, the state and
control input are at the following steady state:
x(500) =
[
439.6ft/s 0◦ 10◦ 0◦/s 0◦/s 0◦/s 0◦ 10◦ −201◦ −197, 290ft
76, 780ft 16, 014ft
]
u(500) =
[
5504.4lb −1.88◦ 0◦ 0◦
]
which is the Trim A flight condition. Note that the aircraft lost almost 9,000 ft before
it recovered to Trim A, compared to the 3,600 ft altitude loss in the previous subsection
when the LQR control was engaged at t = 0s instead of t = 4.5s.
Generally speaking, the chance of having a successful recovery would be higher if the
recovery controller is engaged earlier before the effect of the disturbances fully developed.
In the next subsection, Sec. 5.4.3, we will see that if the LQR controller is engaged after
t = 4.5s it would not be able to recover the aircraft back to Trim A. Instead, the aircraft
would head for another equilibrium that is an undesired flight condition leading to a crash.
However, if the aircraft can wait and stay aloft until the effect of the disturbance de-
creases to a manageable extent, a late LQR controller engagement can still achieve a suc-
cessful recovery. For the same aircraft with the same dramatic initial condition xD0 , the
aircraft can be recovered to the Trim A flight condition if the LQR controller is engaged
after t = 30s.
The state response due to the dramatic initial condition xD0 with the LQR controller en-
gaged at t = 30s is shown in Figure 5.5. It can be seen that the LOC recovery action starts
immediately right after the LQR controller is engaged. The Phugoid long-period oscillation
is stopped, and the uprising pitch angle is brought down towards θ = 10◦. The roll angle is
also brought back from φ = −360◦ towards φ = 0◦. Meanwhile, the altitude stops falling and
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Figure 5.5: State response due to xD0 with LQR control engaged at t = 30s.
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is stabilized at 16,000 ft. By t = 50s, the aircraft has been almost brought back to the Trim
A flight condition. At t = 100s, the state and control input are at the following steady state:
x(100) =
[
439.6ft/s 0◦ 10◦ 0◦/s 0◦/s 0◦/s 0◦ 10◦ 90◦ −3, 229ft
42, 367ft 15, 874ft
]
u(500) =
[
5504.4lb −1.88◦ 0◦ 0◦
]
which is the Trim A flight condition. Note that the aircraft lost about 9,000 ft before
it recovered to Trim A.
5.4.3 Failed Loss-Of-Control Recovery Using LQR Control
The LQR controller in the previous subsection, Sec.5.4.2, is able to achieve successful Trim
A recovery if the LQR controller is engaged before t = 4.5s or after t = 13s. In this
subsection, we will show the failed LOC recoveries when the LQR controller is engaged
inside this time interval between 4.5s and 13s, and investigate what causes the failures.
The state response due to the dramatic initial condition xD0 with the LQR controller
engaged at t = 5s is shown in Figure 5.6. To see more clearly the behavior of the system
at steady state, the corresponding steady-state response graphs are shown in Figure 5.7.
It can be seen that immediately after the LQR controller is engaged at t = 5s the aileron
control δa jumps from 0
◦ to its allowable maximum 25◦ attempting to stop the left roll of
the aircraft, but was unable to do so. The aircraft continued to roll towards φ = −360◦.
On the other hand, right after the LQR controller is engaged, the elevator control δe, also
moved to its allowable minimum, −24◦ attempting to bring the pitch angle to its Trim A
value θ = 10◦, but was unable to do it either.
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Figure 5.6: State response due to xD0 with LQR control engaged at t = 5s.
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Figure 5.7: Steady state response due to xD0 with LQR control engaged at t = 5s.
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Due to the control input constraint, the inability of the control authority, the aircraft
will reach a limit cycle oscillating around the following undesired equilibrium at steady
state,
xEquilX =
[
382ft/s 12◦ 42◦ −50◦/s −5.5◦/s −45◦/s
−350◦ −46◦ ∗◦ ∗ft ∗ft ∗ft
]
uEquilX =
[
5504.4lb −24◦ 25◦ −22◦
] (5.4.1)
Note that the aircraft is spiraling down at a constant speed of 375 ft/s. If the initial
altitude the aircraft is 25,000 ft, the aircraft will crash to the ground in less than 70 seconds.
The next simulation is very similar to the one shown above. The only difference is the
LQR controller engagement time, which is at t = 5s. The state response due to the dramatic
initial condition xD0 with the LQR controller engaged at t = 12s is shown in Figure 5.8.
It can be seen that the state responses shown in Figure 5.8 and Figure 5.7 are almost
identical except the transient response in the very beginning. It is interesting to note that
both steady-state responses exhibit exactly the same limit cycle oscillation behavior with
respect to the same undesired equilibrium shown in Eq.(5.4.1). The angle of attack α varies
between 30◦ and 55◦ while the side slip β is changing from −11◦ to 25◦. A the same time,
it exhibits a continuous roll-pitching coupling maneuver with the roll angle φ oscillating
between −380◦ and −320◦ (physically between −20◦ and +40◦) while the pitch angle θ is
moving up and down between −35◦ and −55◦. In addition, the aircraft continues to yaw
to the left at the rate of 70◦/s.
All the above violent oscillatory motions are conducted at a rather fast rate with each
cycle completed in less than 3.16 seconds. Meanwhile, the aircraft is spiraling down at a
fast rate, 375 ft/s, which is equivalent to losing 10,000 ft of altitude in every 27 seconds.
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Figure 5.8: State response due to xD0 with LQR control engaged at t = 12s.
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This is an undesired equilibrium - a dangerous flight condition that is initiated by engaging
the controller at a wrong time. Since the effect of the disturbance has developed to an
extent beyond the capability of the control inputs, the aileron and elevator controls are led
to operate at their maximum effort - sticking at δa = 25
◦ and δe = −24◦ - attempting to
stop the fast left roll and sudden nose dive. Despite the maximum effort of the aileron and
elevator controls, the aircraft is not going back to the desired Trim A; instead, it is heading
to a limit cycle oscillation around the undesired equilibrium given by Eq.(5.4.1), which is a
recipe for a crash [26].
5.4.4 Successful Loss-Of-Control Recovery Using Modified LQR Control
As described in the previous subsection, Sec. 5.4.3, the LOC condition due to the dramatic
initial condition xD0 may not be recoverable if the LQR controller is engaged at a wrong
time between t = 4.5s and t = 13s. The main reason of the failure is that during this period
of engagement time, the deviation of the flight condition from the desired Trim A is beyond
the capability of the control inputs to recover. It is also observed that it requires more
aileron control effort to bring the roll angle from e.g., −300◦, back to 0◦ than to −360◦.
Since −360◦ and 0◦ physically represent exactly the same angular position, it does not make
sense to go against the tide to force the aircraft to roll back to 0◦ position if it is already
beyond the −180◦ and moving towards −360◦. It would be much easier to follow the tide
to bring the aircraft to the −360◦ position.
Figure 5.9: LQR control simulation
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Recall that the above LQR control simulation was conducted based on the schematic
simulation diagram of Figure 5.1, shown in the beginning of Sec. 5.4, in which the Controller
Selection Switch is set at the LQR Controller position. In this subsection, the Modified
LQR control simulation will be conducted based on the same schematic simulation diagram
except the Controller Selection Switch is set at the Modified LQR Controller position. The
structure of the Modified LQR control is shown in Figure 5.9, in which a simple Roll Angle
Adjustment logic block is added to address the wrapped angle issue discussed in the first
paragraph of this subsection.
All the failed LOC recovery issues discussed in the previous subsection, Sec. 5.4.3,
will be resolved if the LQR controller is replaced by the Modified LQR controller. The
state response due to the dramatic initial condition xD0 with the Modified LQR controller
engaged at t = 5s is shown in Figure 5.10. Note that the LOC condition due to the
dramatic initial condition xD0 has been successfully recovered to the following trim condition,
Trim Aequivalent,
xA equivalent =
[
439.6ft/s 0◦ 10◦ 0◦/s 0◦/s 0◦/s
−360◦ 10◦ ∗◦ ∗ft ∗ft ∗ft
]
uA equivalent =
[
5504.4lb −1.88◦ 0◦ 0◦
] (5.4.2)
which is physically the same as Trim A. The only difference is that in Trim A the roll
angle is φ = 0◦ instead of φ = −360◦.
Also, a successful LOC recovery can be seen from the state response shown in Figure 5.11.
The LOC condition due to the dramatic initial condition xD0 has been recovered to the same
Trim Aequivalent condition shown in Eq.(5.4.2) with the Modified LQR controller engaged
at t = 12s.
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Figure 5.10: State response due to xD0 with Modified LQR control engaged at t = 5s.
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Figure 5.11: State response due to xD0 with Modified LQR control engaged at t = 12s.
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Figure 5.12: State response due to xD0 with Modified LQR control engaged at t = 30s.
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Although the LOC recovery to Trim A can be achieved by the LQR controller after
t = 13s, the control effort required will be much less if the Modified LQR controller is
employed to recover the LOC condition to Trim Aequivalent as it can be seen by comparing
Figure 5.12 with Figure 5.5.
In summary, the LOC condition due to the dramatic initial condition xD0 can be recov-
ered to Trim A or Trim Aequivalent condition by engaging the Modified LQR controller at
any time.
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Chapter 6: Altitude Control
Aircraft flight altitude can be controlled by varying the thrust and/or elevator control in-
puts. As discussed in Sections 4.3 and 4.4, for an aircraft without stability augmentation
or any feedback control mechanism, the altitude can be manually changed by manipulating
the elevator angle and/or thrust magnitude. Although the objective of altitude change can
be achieved at steady state, the transient response is poor as seen in Figure 4.7, Figure 4.9,
and Figure 4.10 that the pitch angle, flight path, and altitude are oscillating for a long
period of time before the steady state is reached. This phenomena is caused by the open-
loop longitudinal dominant eigenvalue that has small damping ratio and slow oscillation
frequency [20, 26]. In this chapter, we will present two approaches to achieve altitude con-
trol: one is manual altitude control with stability augmentation, and the other is automatic
altitude tracking.
6.1 Control with Stability Augmentation
The basic idea of stability augmentation is to design an inner loop stabilizing controller to
stabilize a selected trim so that the trim is more robust and less sensitive to disturbances.
Furthermore, the controller also can rearranges the pole locations of the closed-loop system
to eliminate the troubled oscillation mode. The simulation diagram and the LQR stabilizing
controller are shown in Figure 6.1 and Figure 6.2, respectively.
For demonstration purpose, the trim chosen in the following altitude control simulations
will be Trim B, which was introduced in Chapter 3 and given by Eq.(3.2.2). For the ease
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Figure 6.1: A simulation diagram for aircraft altitude control with LQR stability
augmentation
Figure 6.2: LQR controller for stability augmentation
of reference, the description of Trim B is repeated as follows,
Trim B :

xB =
[
378.5ft/s 0◦ 15◦ 0◦/s 0◦/s 0◦/s 0◦ 15◦ ∗◦ ∗ft ∗ft ∗ft
]T
uB =
[
8600.2lb −7.29◦ 0◦ 0◦
]
(6.1.1)
It is easy to see that Trim B is a straight level flight condition with 15◦ angle of attack.
Note that the values of the last four state variables: yaw angle ψ, the XY-plane positions pN
and pE, and the altitude h are represented by ∗ since they are not relevant to the stability of
the system. Only the first eight state variables are considered in the stability augmentation
feedback loop. These eight state variables are divided into two groups represented by the
longitudinal state vector xLg and the lateral state vector xLa as follows,
xLg =
[
V α q θ
]T
, xLg =
[
β p r φ
]T
(6.1.2)
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The LQR stabilizing controller with longitudinal state feedback gain FLg and lateral
state feedback gain FLa are given as follows,
FLg =
 −0.041473 −0.16804 0.98148 0.72329
−0.0022708 −0.31015 0.10409 0.34159
 (6.1.3a)
and
FLa =
 1.083 −0.84922 −0.33514 −0.30064
−3.3873 −0.81746 4.3667 −0.17328
 (6.1.3b)
respectively. With FLg, the closed-loop longitudinal regulator poles (the eigenvalues of
ALg +BLgFLg) are at
−0.25288± j1.578 and − 0.13301± j0.11165 (6.1.3c)
With FLa, the closed-loop longitudinal regulator poles (the eigenvalues of ALa + BLaFLa)
are at
−5.644, −1.0534± j0.83236, −0.32581 (6.1.3d)
Note that the matrices ALg, BLg, and ALa, BLa are obtained from the linearized lon-
gitudinal and lateral state equations trimmed at Trim B. These equations are given in
Eq.(5.1.9) and Eq.(5.1.10), respectively in Chapter 5.
In the altitude control simulation, initially the system with the above LQR stability
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augmentation is operating at the following Trim B condition:
x(0) = xB ==
[
378.5 ft/s 0◦ 15◦ 0◦/s 0◦/s 0◦/s
0◦ 15◦ 0◦ 0 ft 0 ft 25000 ft
]
u(0) = uB =
[
8600.2 lb −7.29◦ 0◦ 0◦
] (6.1.4)
It is a straight level flight with 15◦ angle of attack, 378.5 ft/s total speed, and the
aircraft altitude is 25,000 ft. Although the altitude h is not among the eight state variables
considered in the stability augmentation feedback control loop, it can still be indirectly
controlled via the change of flight path, which is mainly determined by the pitch angle θ
and the angle of attack α.
In the following two subsections, we will demonstrate two ways of manual altitude control
with stability augmentation: one using thrust and the other using elevator control.
6.1.1 Altitude Control Using Thrust with Stability Augmentation
A manual altitude control maneuver using thrust with stability augmentation is demon-
strated in Figure 6.3. At t = 0s, the thrust input is increased manually by 1000 lb to 9600.2
lb until t = 200s when the thrust is decreased back to its trim. The elevator control is
untouched by the pilot throughout the whole simulation time. The simulation is run for
400s.
It can be seen from the time response shown in Figure 6.3 that there is no open-loop
longitudinal long period oscillations as seen in Chapter 4. The pitch angle rises from 15◦
to 16.8◦ and the angle of attack slightly drops by 0.5◦ to 14.5◦ in 20s and stays there until
the 200s mark. Therefore, the aircraft flies at a constant climb with flight path angle equal
to 2.3 degree until the 200s mark, and the altitude has increased from 25000 ft to 28012 ft
at the end of the climb simulation.
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Figure 6.3: A simulation result of manual climb control using thrust with LQR sta-
bility augmentation
Chapter 6: Altitude Control 6.1 Control with Stability Augmentation
89
Although the elevator control was meant to stay at the trim by manual control, it
actually varies a little bit. The change of elevator control is caused by the operation of
the stabilizing controller. The elevator initially dipped a little bit but quickly reversed and
increased by 0.42◦ degree to −6.87◦ in 25 seconds and stayed there until the 200s mark.
The slight increase of the elevator causes the angle of attack to reduce by 0.5◦.
At the end of the simulation the state vector and control input vector are
x(400) =
[
378.5 ft/s 0◦ 15◦ 0◦/s 0◦/s 0◦/s
0◦ 15◦ 0◦ 151730 ft 0 ft 28012 ft
]
u(400) = uB =
[
8600.2 lb −7.29◦ 0◦ 0◦
] (6.1.5)
Note that all are the same as those at t = 0s except pN = 151730ft and h = 28012ft;
the aircraft has move forward to a new position and the altitude has increased by 3012 ft.
6.1.2 Altitude Control Using Elevator with Stability Augmentation
A manual altitude control maneuver using elevator with stability augmentation is demon-
strated in Figure 6.4. Initially the aircraft is operating at the Trim B condition as described
by Eq.(6.1.4). It is a straight level flight with 15◦ angle of attack, 378.5 ft/s total speed,
and the aircraft altitude is 25,000 ft.
At t = 0s, the elevator input is decreased manually by 2◦ to −9.29◦ until t = 200s when
the elevator is increased back to its trim. The thrust control is untouched by the pilot
throughout the whole simulation time. The simulation is run for 400s.
It can be seen from the time response shown in Figure 6.4 that there is no open-loop
longitudinal long period oscillations as seen in Chapter 4. The pitch angle remains at 15◦
despite a little raise in the beginning and the angle of attack increases by 1.1◦ to 16.1◦ in 20s
and stay there until the 200s mark. Therefore, the aircraft flies at a constant descent with
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Figure 6.4: A simulation result of manual descent control using elevator with LQR
stability augmentation
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flight path angle equal to -1.1 degree until the 200s mark, and the altitude has decreased
from 25000 ft to 23474 ft at the end of the descent.
Although the thrust control was meant to stay at the trim by manual control, it actually
varies a little bit. The slight change of thrust control is caused by the operation of the
stabilizing controller. The thrust increased from 8600.2 to 8600.5 and stayed there until
the 200s mark. The slight increase of the thrust causes no noticeable changes in the pitch
angle or the angle of attack.
At the end of the simulation, the state vector and control input vector are
x(400) =
[
378.5 ft/s 0◦ 15◦ 0◦/s 0◦/s 0◦/s
0◦ 15◦ 0◦ 149680 ft 0 ft 23474 ft
]
u(400) = uB =
[
8600.2 lb −7.29◦ 0◦ 0◦
] (6.1.6)
Note that all are the same as those at t = 0s except pN = 149680ft and h = 23474ft;
the aircraft has move forward to a new position and the altitude has decreased by 1526 ft.
6.2 Automatic Altitude Tracking Control
The manual altitude control with stability augmentation using thrust and/or elevator con-
trol is a viable approach since it allows the pilot to alter attitude smoothly without the need
to worry about oscillation or stability issues. However, it is not easy to achieve precision
altitude control by the manually controlled approach since there is no feedback loop to
automatically monitor the altitude although there is one for stability augmentation. For
precision altitude control, an altitude tracking feedback control loop is required [37,38].
Although the altitude is not directly controlled by the thrust and/or elevator control
input, the altitude change is a function of the time integral of the flight path. Therefore,
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the altitude control can be achieved via the regulation of flight path [39,40]. The automatic
altitude tracking control approach in the following contains two feedback loops. One is an
outer loop that determines the flight path reference based on the difference between the
desired altitude and the actual one, and the other is an inner loop that regulates the flight
path according to the reference.
Figure 6.5: Structure of the flight path tracking controller designed specifically for
Trim B
The structure of the flight path tracking controller designed specifically for Trim B is
shown in Figure 6.5. The matrices FLa and FLg designed in Section 6.1 (Eq.(6.1.3)) will
continue to be used in this section. The tracking regulator matrices WLg and ULg can be
obtained as [41–43]
WLg =
[
435 −0.928626 0 0.071374
]T
ULg =
[
−10.99657 1.06386
]T (6.2.1)
by solving the following equations,
ALgWLg +BLgULg = 0
C1uWLg +D11uULg = 0
(6.2.2)
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with C1u =
[
0 1 0 −1
]
and D11u = 1 chosen for flight path tracking.
In the altitude tracking control simulation, initially the system with the above LQR
stability augmentation is operating at the following Trim B condition:
x(0) = xB ==
[
378.5 ft/s 0◦ 15◦ 0◦/s 0◦/s 0◦/s
0◦ 15◦ 0◦ 0 ft 0 ft 25000 ft
]
u(0) = uB =
[
8600.2 lb −7.29◦ 0◦ 0◦
] (6.2.3)
It is a straight level flight with 15◦ angle of attack, 378.5 ft/s total speed, and the
aircraft altitude is 25,000 ft. Although the altitude h is not among the eight state variables
considered in the stability augmentation feedback control loop, it still can be indirectly
controlled via the change of flight path, which is mainly determined by the pitch angle θ
and the angle of attack α.
In the following two subsections, we will demonstrate the climb and descent via auto-
matic altitude tracking control.
6.2.1 Climb Operation Using Automatic Altitude Tracking Control
A climb operation using automatic altitude tracking control is demonstrated in Figure 6.6.
In the simulation, the aircraft is assumed to operate at the Trim B condition for the first 5
seconds. A pilot command is issued to increase the altitude by 1000 ft at t=5s. Then the
automatic altitude tracking control system will coordinate the four control inputs, thrust,
elevator, aileron, and rudder so that they can cooperate seamlessly to achieve a smooth
climb efficiently without pilot’s intervention.
It can be seen from the time response shown in Figure 6.6 that the automatic altitude
tracking climb performance is smooth and precise despite the initial unwanted dip. The
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Figure 6.6: A simulation result of climb operation using automatic altitude tracking
control
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aircraft initially goes down 80 ft for about 20 seconds before reversing to the right direction
to climb. It takes about 140 seconds to reach and settle at the newly assigned altitude
without a steady-state error.
At the end of the simulation the state vector and control input vector are
x(200) =
[
378.5 ft/s 0◦ 15◦ 0◦/s 0◦/s 0◦/s
0◦ 15◦ 0◦ 76919 ft 0 ft 26000 ft
]
u(200) = uB =
[
8600.2 lb −7.29◦ 0◦ 0◦
] (6.2.4)
Note that all are the same as those at t = 0s except pN = 76919ft and h = 26000ft; the
aircraft has move forward to a new position and the altitude has increased by 1000 ft.
6.2.2 Descent Operation Using Automatic Altitude Tracking Control
A descent operation using automatic altitude tracking control is demonstrated in Figure 6.7.
In the simulation, the aircraft is assumed to operate at the Trim B condition for the first 5
seconds. A pilot’s command is issued to decrease the altitude by 1000 ft at t=5s. Then the
automatic altitude tracking control system will coordinate the four control inputs, thrust,
elevator, aileron, and rudder so that they can cooperate seamlessly to achieve a smooth
descent efficiently without pilot’s intervention.
It can be seen from the time response shown in Figure 6.7 that the automatic altitude
tracking descent performance is smooth and precise despite the initial unwanted slight
bump. The aircraft initially goes up 80 ft for about 25 seconds before reversing to the right
direction to descend. It takes about 160 seconds to reach and settle at the newly assigned
altitude.
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Figure 6.7: A simulation result of descent operation using automatic altitude tracking
control
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At the end of the simulation the state vector and control input vector are
x(200) =
[
378.5 ft/s 0◦ 15◦ 0◦/s 0◦/s 0◦/s
0◦ 15◦ 0◦ 74581 ft 0 ft 24000 ft
]
u(200) = uB =
[
8600.2 lb −7.29◦ 0◦ 0◦
] (6.2.5)
Note that all are the same as those at t = 0s except pN = 74581ft and h = 24000ft; the
aircraft has move forward to a new position and the altitude has decreased by 1000 ft.
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Chapter 7: Conclusions and Future Work
7.1 Conclusions
Aircraft flight dynamics in a on-flight loss-of-control (LOC) condition usually is nonlinear,
complicated, and not well understood. It is very difficult, if not impossible, to train the
pilots to experience a realistic LOC situation like nose-dive, spin, severe roll/pitch coupling
oscillations, etc., and learn how to recover the aircraft back to a safe flight. It would be
even more challenging for the pilot to identify and neutralize a severe LOC condition within
a limited period of time when the LOC actually occurs during a real flight.
To resolve the on-flight LOC issues, it requires the thorough study of the flight dynamics
in all possible LOC senarios and the development of identification and control strategies to
steer the aircraft out of the LOC. The 9-state full nonlinear flight dynamics simulation model
developed by Buttrill et. al. from NASA [17] and Chakraborty et. al. [18,19] has been very
helpful to our research in investigating the behavior of the aircraft in LOC conditions. We
made a slight modification by adding navigation equations to make it a 12-state model so
that the translational position and altitude of the aircraft can be tracked. We also converted
the full nonlinear flight dynamics simulation model in MATLAB function files to Simulink
models to make it easier and more flexible for analysis, design, and simulations.
In this research, we have made progress in understanding more about the common LOC
conditions caused by disturbances or pilot error. We found that if the aircraft is trimmed
properly, most of the LOC conditions are inside the region of attraction (ROA) of the trim
or an equivalent trim. Here ”equivalent trim” means an equilibrium that is different from
the original trim mathematically but is the same physically, as demonstrated in Figure 4.1.
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Although most of the LOC conditions of undamaged aircraft will eventually converge
back to the original trim or a neighboring equivalent trim, the wild LOC transient maneuver
may cause discomfort or panic to passengers and crew members and prompt the crew
members to react incorrectly and deepen the crisis. Furthermore, the aircraft may lose
some altitude during the transient LOC ride, the aircraft may crash if its original altitude
was not high enough.
According to the aircraft open-loop stability analysis in Chapter 5, the longitudinal
dynamics has a very small damping ratio and a low oscillation frequency that accounts for
the long-period and slow-decaying pitch oscillations. For the lateral motion, the damping
is also poor, and the oscillation frequency is so high that it can roll 90 degree in less than 2
seconds. To avoid the slow-decaying and long period pitch oscillations, to prevent a sudden
unwanted roll motion, and to keep a stable smooth flight for the aircraft, it is a necessity
to equip the aircraft with a feedback flight control system.
With a state-space feedback controller designed specifically for the selected trim, the
aircraft was able to prevent and recover from the LOC condition caused by a dramatic
initial condition, as shown in Figure 5.3 and Figure 5.4, respectively in Section 5.41 and
5.42. It also can be seen that the poor damping and long period longitudinal oscillation
issues have been resolved, and the lateral stability is enhanced to eliminate unwanted roll
movement.
Although feedback control is capable of achieving automation, precision, performance
enhancement, and LOC prevention and recovery, it occasionally can cause more harm than
help if the controller is not designed properly. As discussed in Section 5.4.3, the controller
intended to overcome a severe LOC condition, but due to the insufficient control authority
the aileron and the elevator controls could only do their best to stick at their saturation
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positions. For this reason, the aircraft was locked into an undesired hostile equilibrium with
-90 degree flight path as shown in Figure 5.6 and Eq.(5.4.1), which is more severe than the
original LOC condition the controller was designed to deal with.
The undesired hostile equilibrium issue caused by the insufficient control resources or the
control input constraints is important and deserves more research. For the case considered
in Section 5.4.3, the aircraft rolls to the left by more than 200 degrees in 5 seconds, which
is too big and too fast for the controller to overcome. However, the actuators still continue
to work with their maximum effort attempting to roll the aircraft back to the trimmed zero
degree roll angle, which leads the aircraft to the undesired hostile equilibrium. In Section
5.4.4, we modified the controller to allow the aircraft to roll towards -360 degree position,
which is the roll angle of a neighboring equivalent trim, and stabilize the aircraft at the
equivalent trim. This modified controller eliminates the issue caused by the saturation
nonlinearity of control-input constraints, and is able to recover all possible LOC conditions
caused by the dramatic initial condition xD0 .
In the first part of Chapter 6, we designed a state-space controller specifically for Trim B,
and use it for the purpose of stability augmentation. The stability augmentation controller
was designed to improve the stability of the trim, but still allow the pilot to manually
maneuver the flight of the aircraft. It clearly showed that the manual altitude control
with stability augmentation has much better performance than the manual altitude control
without stability augmentation. The stability augmentation feedback controller effectively
reduces the effect of the disturbances on the aircraft, eliminates both of the long-period
longitudinal and the short-period lateral oscillations and makes the maneuver of the altitude
change much smoother.
To achieve precision altitude control, an altitude tracking feedback control loop is re-
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quired as discussed in Section 6.2. The altitude is not directly controlled by the thrust and
the elevator control inputs, but the altitude change is determined by the time integral of the
flight path. To achieve precision and smooth altitude control, we designed a double-loop
dynamic flight path tracking control algorithm in which the flight path reference input is
dynamically determined by the difference between the desired and the actual altitudes at
the outer loop. In the inner loop, the flight path tracking controller is designed to ensure
that the actual flight path will faithfully follow the flight path reference. The simulations
that demonstrate the precision smooth climb and descent operations using the proposed
dynamic flight path tracking control are shown in Figure 6.6 and Figure 6.7, respectively.
7.2 Future Work
In this thesis, we have developed effective control strategies to deal with the common LOC
conditions like stall, altitude drop, spin, and severe roll/pitch coupling oscillation, etc. that
can happen to any healthy or impaired aircraft. From our study of the LOC behaviors
via the virtual flight tests, we observed a regularity in the trajectory patterns, although
at times they seemed random, chaotic, and counter-intuitive. Like everything else in the
universe governed by the physics laws, an aircraft in LOC condition either is in transition
on its way towards an inhabitable nearby equilibrium or is already settled at one of the
available equilibriums. Note that all the LOC equilibriums are hostile like Equil X in
Eq.(5.4.1) discussed in Section 5.4.3. Hence the LOC prevention means to prevent an
aircraft from flying into an LOC equilibrium, and the LOC recovery is to recover an aircraft
back to a desired equilibrium from a status of heading to or already at a hostile equilibrium.
Therefore, a thorough understanding of the aircraft flight dynamics in LOC conditions is
essential.
Aircraft flight dynamics basically has six degree of freedom that can be described by
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12 state equations with 12 state variables and at least 4 control inputs. Under the regular
flight modes like take-off, climb, coordinated turns, straight level flight, descent, and landing,
the aircraft dynamics can be linearized and decoupled into two set of simplified equations:
longitudinal and lateral equations. Although the flight dynamics and behavior of the healthy
aircraft under regular flight conditions are well known, those of healthy or impaired aircraft
in LOC conditions can be very different and are still not well understood.
There are several issues regarding to the study of LOC conditions. First of all, the LOC
condition usually is tremendously dynamic - it changes rapidly as time goes by. A recovery
strategy that works now may not work at the next second. If a controller is engaged at
a wrong time, not only it does not help but it will most likely make the situation even
worse. The choice of controller and the engagement time certainly are important issues to
considered.
Recoverability of LOC is a fundamental problem, but it is still not clearly defined.
Unlike the well-known terminology controllability and observability, which depend only on
the system dynamics, recoverability also depends on the status of the state variables, the
disturbances, and the available resources of control inputs.
Aircraft usually are controlled to fly at an equilibrium or in transition to another equi-
librium. In case the aircraft is in an LOC condition, how to determine a feasible desired
equilibrium for the LOC to recover to is also an issue to work on in the future.
The control-input constraint is an important factor in the design of LOC preven-
tion/recovery control systems. On one hand, the design should effectively utilize the avail-
able control input resources. But on the other hand, if the controller requires too much
control input that the actuators are not able to provide, the actuators will saturate and lock
the aircraft into an undesired hostile equilibrium that may eventually crash the aircraft. In
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this thesis, we provides a solution for a special case of the problem. For more general cases
of the problem, the issue still needs to be addressed.
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Appendix A: Nomenclature, Acronyms, and Symbols
V total speed (ft/s)
β side slip (rad for computation, deg for display)
α angle of attack (rad for computation, deg for display)
p roll rate (rad/s for computation, deg/s for display)
q pitch rate (rad/s for computation, deg/s for display)
r yaw rate (rad/s for computation, deg/s for display)
φ roll angle (rad for computation, deg for display)
θ pitch angle (rad for computation, deg for display)
ψ yaw angle (rad for computation, deg for display)
pN position North (ft)
pE position East (ft)
h altitude (ft)
δa ailron control (rad for computation, deg for display)
δr rudder control (rad for computation, deg for display)
δe elevator control (rad for computation, deg for display)
δT thrust control (lb)
S = 400 (ft2), wing area
b = 37.4 (ft), wing span
c = 11.52 (ft), mean aerodynamic chord
ρ = 1.066 (lbs/ft3), air density
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Ixx = 23000 (slugs× ft2), roll axis moment of inertia
Iyy = 151293 (slugs× ft2), pitch axis moment of inertia
Izz = 169945 (slugs× ft2), yaw axis moment of inertia
Ixz = −2971 (slugs× ft2), cross product of inertia about y axis
m = 1034.5 (slugs), mass
g = 32.2 (ft/s2), gravity
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